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Abstract: In this paper, two methods for estimating the range of two Unmanned Aerial Vehicles
(UAVs) in a vision based aerial refueling is presented and also the sliding mode controller is
designed and simulated to establish and maintain desired relative position between them. There is
no communication between two UAVs, and only vision information from a camera mounted on the
follower UAV, is available to extract range information. Leader length is unknown, so the range
between them is unobservable from the camera's images. In this paper a theoretical method for
range estimation is presented. Using this method, the leader length can be estimated and then the
range would be computable from the images. Unlike other estimation methods based on Kalman
filter, this method shows a good robustness against unknown leader acceleration. In the next section
Kalman algorithm for range estimation is presented, which shows instability when leader
accelerates. Leader acceleration and wind effects are uncertain factors for the control system. In
spite of the simple design of a sliding mode controller in this paper, good robustness against these
uncertainties can be achieved.

Keywords: Aerial Refueling, Own-Ship Maneuvering Algorithm, Kalman Estimator, Sliding
Mode Controller.
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Abstract: In this paper, by using dominant gain concept and frequency response, a simple
method is presented to recognize zeros locations resulting of time delay parameters of the
differential-diffrence equations. The concept of dominant gain states that, in a specific frequency
band, the dynamic behavior of a Quasi-Rational Distributed System traces the dynamics of that term
in the model which dominates in its gain with respect to the other term. If this behavior is
nonminimum phase, total function is nonminimum phase in that frequency ranges and that means
Right Half Plane (RHP) zeros exist and if it is minimum phase total function behavior is minimum
phas and that means all of zeros locate in Left Half Plane (LHP) in that frequency ranges. Because
dominant gain is a comprehensive concept then it capable to use for differential-diffrence equation
and by using it, zeros location could be recognized in all of frequency ranges.

Keywords: Diffrential-Diffrence Equations, Dominant Gain Concept, Assymptotic Location of
Zeros, Right Half Plane (RHP) Zeros.
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Abstract: Quantum trajectory with multiple equilibrium points is analyzed to become globally
stable. The control law is designed such that the quantum system stabilized to one of its wanted
equilibrium point and escape from the other unwanted equilibriums. As a physical example the
global stabilization of one half-spin atom, which is known as a quantum bit (qubit) and has many
applications in quantum computing, is investigated by our control law and simulated. The

simulation result confirms the theoretical desig.

Keywords: Quantum trajectory. stochastic differential equation. stochastic stability. half-spin

atom. quantum bit (qubit).
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Abstract: A multiple-model adaptive controller is developed using the Self-Organizing Map (SOM)
neural network. The considered controller which we name it as Multiple Controller via SOM
(MCSOM) is evaluated on the pH neutralization plant. In MCSOM multiple models are identified
using an SOM to cluster the model space. An improved switching algorithm based on excitation level
of plant has also been suggested for systems with noisy environments. Identification of pH plant using
SOM is discussed and performance of the multiple-model controller is compared to the Self Tuning
Regulator (STR).

Keywords: Multiple models, Adaptive control, Self-organizing map, pH neutralization plant.
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simple linear model with a desired accuracy. By
repeating this job in different key operating points of
the nonlinear process, a bank of linear models can be
created with each model corresponding to one of the
operating points. An algorithm for switching
between these models then should be used to find
and select the best approximation of the nonlinear
process from this bank as fast and as accurate as
possible.

1- Introduction

There are many industrial processes which their
nonlinear behavior cannot be modeled and controlled
by a single mathematical model at least in their full
operating range. Various solutions for controlling
these systems have been suggested over past
decades. Robust and adaptive control is two major
approaches toward solving this problem. But these
techniques can become quite restrictive in many
applications. A more recent approach is the concept
of multiple models along with a switching algorithm
[14] which has been an area of interest in control
theory in order to simplify both the modeling and
controller design. Many global controller designs
with the aid of multiple models have been reported
on different applications [9, 5]. Narendra et al. [15]
suggested an adaptive MM structure with switching
based on a performance function. The key idea to
this approach is the ability to approximate the
behavior of nonlinear processes within a predefined

Selecting the proper bank of models is a key
subject in control using multiple models. In many
previous works on multiple model control, the bank
of models is created by dividing the range of
variations of all parameters of the assumed model
structure and place a model for each combination of
parameters [15, 3]. This method becomes inefficient
when working with a nonlinear system with a high
degree of nonlinearity. The proposed algorithm
which is used here is an effort to solve this problem
and introduce a method to create the model bank for

neighborhood of operating point with a relatively

any nonlinear system in a straight forward manner.
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In this paper, a multiple model adaptive strategy
with pole placement controllers is considered.
Models have the same structure but their parameter
values are different for each model. To identify the
bank of model, the multiple modeling using self-
organizing map neural network (MMSOM) [6] is
applied to the input/output data of the plant.
Kohonen’s self-organizing map (SOM) neural
networks [12] is wused in this algorithm to
automatically assign parameters of models in the
model bank based on the clustering of identification
data from the RLS method. SOM have previously
been used in a number of local modeling applications
to divide the operating region of systems into local
regions. In [6], at first, model of the system is
identified using the linear identification methods and
then the identification data are fed into the SOM
network as training data. In this way we actually
divide the parameter space of system with respect to
the model structure in order to find the suitable
models. Another method was used in [4], in which
the SOM network was used to divide the state space
of the system directly from the input/output data of
the system.

The quality of the multiple controller depends not
only on the bank of models but also on how to select
the best model. An improved switching algorithm is
used to find the best representing model from the
generated bank of models. Parameters of the best
model are then used in pole placement algorithm to
generate control signal in each cycle. By including
an adaptive model beside the fixed model in the
bank, the multiple model controller will be able to
control new operating areas of system with a
performance at least as good as the conventional
adaptive controller.

The paper is organized as follows. The general
structure of multiple model control strategy together
with some modification on it is described in the next
section. A brief description of SOM and its
application in MMSOM on generation of the bank of
models is presented in section 3. In section 4 the total
structure of the multiple model controller by SOM
(MCSOM) is introduced. Simulation results from
implementing the described control strategy on a
simulated pH neutralization process are presented in
section 5 and the paper is concluded in the final
section.

2- Control Based on Multiple Models

A general block diagram of the closed loop system
is shown in Fig.1. In this approach the understudy
nonlinear system will be approximated by a set of
linear models which will form a bank of models. The
model which best suits the actual system’s behavior

will then be searched for in each cycle. For this
purpose, a performance index is defined based on
estimation errors of models. The performance index
is given by:

T =ad )+ B> e et —k) ()

a,>00< <1 are three weighting constants and
M >1 determines the range of effective past data.
Relative values of « and S weights the current and

previous estimation errors of models and A is used
as a forgetting factor for the past errors. In this
manner the model corresponding to the lowest
J; will be the best model describes it at the time . In

order to avoid fast and unnecessary switches, a
hysteresis function is added to the switching
condition. The switch occurs only if the performance
index for the in-loop model (Jiy—s00p ) and the new

best model ( J o, ) satisfy the following condition:
Jmin < 5Jin—/oop (2)

where ¢ is an arbitrary constant. This function
prevents fast switches between models and decreases
the unnecessary switches. But in the presence of
measurement noise in the system this condition is not
sufficient. Hence, another complementary condition
is introduced in this paper to properly eliminate the
remaining undesired switches and reduce chattering
in the system response.

The proposed complementary condition is based on
the excitation level of the process. The basic idea is
to prevent switching between models if the process is
in a steady state where it is not excited properly by
the control signal. The level of excitation of the
process is measured using the method proposed by
Hugglund et al. [11] using a high pass filter. A
predefined threshold is used to indicate the required
level of excitation in order to allow a switch to a new
model. This threshold is selected according to the
existing noise characteristics. The excitation
condition allows switching between models only if
the following condition is satisfied:

‘yhp (f)‘ > Wy 3)

where wp is the desired switching threshold
defined on the filtered output of the plant. Care must
be taken when introducing this condition to the
switching algorithm as high values for this threshold
brings unnecessary delays into the switching
algorithm and therefore can make the closed loop
system to oscillate and even become unstable.
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e u Y
—F Conlrodier ¥ Process ———
.l\ﬂ |
Moxted Bank
Adapiive
. — H — Eainair 1 H, —
fl
Fred Model
Bank
o
|| Model Salector =
(Switch)
Hys

Fig.1 — General block diagram of the Multiple Model
Structure

Note I: A band-pass filter H s is used to filter out

the low and high frequency components from the
identification data used in the adaptive estimator
block [16] in which the poles of the filter are chosen
3 to 5 times faster than the dominant desired closed
loop poles of the control system. This filter is
necessary in order to map linear models into the
nonlinear behaviors of the actual system. Also, a
high-pass filter Hp, is used to impose excitation
condition on the switching states. [, was designed
by try and error such that the closed loop system
remains stable and also the resulting switching
condition only permits switching when enough
variation exists in the system’s output (i.e. enough
excitation in the system’s input).

Stability of the multiple model controller with
switching algorithm based on performance indices
similar to (1) and controller designed based on model
reference adaptive controller (MRAC) method was
previously studied in [15]. Theorem 1 summarizes
the stability properties of this configuration as
suggested in [15].

Theorem 1: Consider the switching and tuning
system described above with N fixed models and
Nz 21 free-running adaptive models, where the

latter are assumed to satisfy the identification
conditions below:

p;,0,eLl”

p,.0. e’ NL

_ % __ep @
I+ W' w

&, (H)—>0

where p;is the vector of model parameters, 8 is

the vector of controller parameters, e;is the error
between actual output of system and output of
models and w is the sensitivity vector used in model
reference method. Let 7min >0be the minimum

time between each successive switching of models.
There exists a 7y > 0 such that if Tmin € (0,75), then

all the signals in the overall system, as well as the
performance indices {J ; (t)}, are uniformly bounded.

In the following lemma it is shown that in case of
applying the excitation condition (3) for switching
between models, the stability condition of theorem 1
can still be proved while 7Tmin remains less than 7 .

Lemma 1: Assume the switching algorithm as
described in theorem 1 together with the excitation
condition of equation (3) for an observable plant. For
any assumed variation of system output and
Thin selected according to theorem 1, parameters of

the high pass filter Hy, can be selected such that

o (Tmin)] > wo and the closed loop system remains

uniformly bounded.

Proof: Suppose that output of the plant diverges
and moves along

y(t) = Ce" 5)

where A4>0. It will be shown that for every
supposed trajectory like (5), parameters of the
excitation condition can be found such that the time
delay imposed by excitation condition before
permitting a switch to a new model becomes less
than the 7min . Therefore the condition of theorem 1
satisfies despite the excitation condition.

Suppose that the output of system changes along
the trajectory stated in (5) and the high pass filter
used for detecting the excitation in system is as
below:

)

G, (s)= Sty )

Therefore, the filtered output of the plant is
obtained by:

() _ Cs
Us)  (s+7)s—2) ™

The time response of which will be as:
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Y, )= ae” +a,e”

C
Cll = 7/
Aty ®)
CA
Clz =
A+y
Define 7y as the moment in which Vo ® reaches

wo. w,can be computed from (9) while desired

values are selected for roand y :

_ —t, At
w,=ae " +a,e” )
Therefore, by selecting 7o less than Tmin, the

closed loop stability of the control system is
.guaranteed.

Q.E.D.

3- Multiple Modeling by Self-organizing
Map

Kohonen [12] developed the SOM with the ability
to transform an input signal of arbitrary dimension
into a lower dimensional discrete representation
preserving topological neighborhoods. The SOM
network has an input vector iy, with an arbitrary
high dimension k. Each node in the network has a
reference vector (RV) w;; with the same dimension

as the input vector. Training of SOM is started by
introducing the index of the closest reference vector
of the nodes to the input vector:

i=argminj‘l//k fwj‘k‘

(10)

Then RV’s of this node and its neighbors up to a
certain geometric distance are updated as follows:

W (641 =w,, () + B, Oy, () = w,, ()]
(1

where /1, (¢)is the neighborhood function. For

convergence it is necessary that
h,(t) >0whent — oo . A typical choice in terms of
the Gaussian function is[12]:

_ =l
h,(t)=oal(t).exp 207 (0)

(12)

where . eR*and r, e R’ are the location vectors

of nodes ¢ and i, respectively, in the array. a(z) is

another scalar-valued learning-rate factor and the
parameter o(f) defines the width of the function.

Both «(7)

decreasing functions of time. In this way, the trained
SOM will have more nodes (i.e. close RV's) in the
regions where more input vectors existed.

and o(f) are some monotonically

Cho et al. [4] trained the SOM directly with
input/output data and then the neuron weights of the
trained SOM were converted to ARX model
parameter vectors using the least square method.

Here we use the MMSOM algorithm proposed by
Fatehi et al. [6] for identification of nonlinear plant.
In MMSOM, an input vector of
Wmin =[A05sAn-1,b0,...,0n—d,-1] 1s considered as
the input to the SOM. This input vector is the
identification parameters of an instantaneous model
of the plant, which identified using some online
identification like recursive least square (RLS)

algorithm. Therefore, the reference vector of the i

node w;; represents the parameters for the i

model in the bank of models. After training the SOM
neural network, models parameters approximate the
statistical distribution of the input data [7].

The second approach will be more efficient in the
sense that different operating regions with similar
characteristics and model parameters will not be
considered as different operating regions by the
SOM and therefore less neurons is placed in the
boundary regions of clusters compared to the first
approach.

4- Structure of Multiple Model
Controller by SOM (MCSOM)

The structure of multiple model controller by SOM
(MCSOM) is as depicted in figure 1 in which the
bank of models is constructed using MMSOM of
section 3. Controllers for each of the models can be
any kind of indirect adaptive controller like MRAC
for continuous models or STR for discrete ones.

If MRAC is employed to design multiple
controllers, stability of the control system can be
guaranteed. For this purpose, first it should be noted
that MCSOM without the excitation condition of
section 2 has exactly the same structure as the
controller assumed in by Narendra et. al [15]. The
main difference between the MCSOM and the
controller structure of [15] is in the way the bank of
models is created. In MCSOM, SOM neural network
is used but in [15] the bank of models is created by
dividing the space of model parameters into a
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number of equal subspaces and assigning each a
model. Since the bank of models created via the
SOM network also satisfies the conditions of
theorem 1 and the method with which the model
bank was created does not violate theorem 1, the
multiple model controller by SOM without the
excitation condition stabilize the closed loop control
system. Lemma 1 also proofs the stability under the
excitation condition of equation (3). Therefore,
stability of the whole control system of MCSOM is
guaranteed for MRAC controller.

In the following section on application of MCSOM
we used self-tuning regulator (STR) as the adaptive
controller. In STR the controller is design based on
pole placement method. Pole placement controller
[1] is a simple and also a practically useful
controller. The idea is to determine a controller with
predefined closed loop poles. A brief description of
this controller is presented here.

In STR an ARX model is used to describe the
dynamic of the process:

A(g )y(6)=B(g u(?) + (1) (13)

where y is the output, v is the input, v is a
disturbance and ¢ is the forward shift operator. It is
assumed that the A polynomial is monic and also 4
and B polynomials are relatively prime. A general
controller with the following structure is assumed

Ru(t) =Tu,(t)— Sy(?) (14)

The controller has two degrees of freedom. The
closed loop characteristic polynomial is

AR+BS = A, (15)

The R and S polynomial can be solved from the
diophantine equation (15) as the minimum degree
solution when the closed loop poles are known. The
desired closed loop response from the command
signal to system output is described as

A,y,/(0) = B,u.(1) (16)

which is a design parameter and is selected such
that the closed loop response has suitable speed and
characteristics. The T polynomial is then found from
the following condition:

BT =B, (17)

The R and S polynomials can be designed to
integrate different characteristics into the controller.
For example an integral action can be added by
putting one root of the R polynomial in 1 and

selecting the R polynomial by the following form

R=R'(g-1) (18)

5- Simulation Results

The MCSOM algorithm is demonstrated on a
model of pH neutralization process. This process is a
highly nonlinear plant which is widely used in
industries. A schematic diagram of the pH plant is
shown in Fig. 2.

The continuous stirred tank neutralizer has three
inlet streams: base, acid and buffer. Acetic acid of
concentration C, flows in at a rate of f, and reacts

with sodium hydroxide of concentration C, which
flows into the tank at a rate of f, . Buffer flow rate is
/. and is considered to control the tank level through

a PID controller. The liquid exit the tank with the
flow rate of /. Nominal operating conditions of the

simulated pH system are summarized in Table 1.

The nonlinear model of this pH neutralization plant
is presented in [10]. The model is assumed to be
carried out under the assumptions of perfect mixing,
constant temperature and complete solubility of the
ions involved. Complete details about the chemical
reactions and the exact mathematical model can be
found in [10]. The objective is to control the pH
value of the outlet stream by controlling the base
flow.

o e

q1

5

£

Acid Pump

Base Pump

Fig.2 — Schematic Diagram of pH Plant

Table 1. Operating conditions of simulated pH plant

Operating Parameter Parameter Value
Acid concentration ( Cu ) 0.001 mol/lit
Acid flow rate ( f),) 0.3 mlit/sec
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Base concentration ( Cb ) 0.001 mol/lit
Cross sectional area of tank 70 cm?
acid dissociation constant (K ) 1.75¢°
Water dissociation constant (K, ) le™
Tank level (h) 17 cm

5-1- Identification of pH Process

Fig. 3 illustrates the block diagram of identification
of the pH process model. Here we have used
MMSOM to extract the statistical features of
identified parameters produced by the RLS method.

pH Plant Y L]

Ll RLS Estimator ]
Estimation Data Block
‘ SOM ‘

N Model Parameters

28

‘ Model Bank ‘

Fig.3 — Block Diagram of identification and model
generation process

In the first step plant is excited by a suitable input
sequence of enough persistently excitation (PE)
order. A random binary signal (RBS) pattern was
used as the identification input of the pH plant. The
RBS signal was constructed such that the plant
reaches the steady state in about 20 percent of
toggles between high and low limits so that both low
and high frequencies are excited. The input pattern
was biased to identify the plant around 5 different
operating points. The titration curve of the under
study pH plant is shown in Fig.4. As the control
variable is the base flow the curve has a positive
derivative. Operating points were selected based on

the value of derivative along the full operating
region. Selected operating points are shown in Fig.4.
Fig. 5 demonstrates the total input signal applied to
the base flow pump.

PH steady state

5 4
X 1025,
Y.a84 4

flow/pH

q (mit/sec)

time (sec)

Fig.5 — Applied input signal for pH neutralization plant
identification

The RLS method was applied to estimate the
model parameters. A first order ARX model was
used as the model structure. A forgetting factor of
0.98 was used to discard the old data and dealing
with the problem of time-varying parameters.

In the next step, data from the RLS estimation was
given to the SOM network. Input vectors are the
estimated parameters of the ARX model which are
two in our case. A two dimensional SOM network
was then used to cluster the estimation parameter
into some clusters. SOM distributes its RVs across
the input space according to the statistical properties
of the input data. Therefore, relative number of input
data in each region acts as a weight for the number of
required models in each region. This means that
more identification data in a specific operating
region of system forces SOM to place more models
in that region on the cost of less models in other
regions. Equal identification time intervals were used
for each operation region to give equal weights to
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each region of pH plant.

Fig.6 shows the graphical representation of U-
matrix [13] of the trained SOM. Areas with lighter
color code indicate the closeness of adjacent neurons
and those with darker color code indicates higher
distance between adjacent neurons. By utilizing this
graphical representation we can distinguish clusters
of neurons. Each cluster represents one operating
region of the plant behavior. Clusters are
distinguished with areas with lighter color codes and
their boundaries with lines of neurons with darker
color codes.

Although the pH system was excited around 5
operating points, only three different regions can be
distinguished from the U-matrix of trained SOM.
This is because of closeness of model parameters in
some of the operating points and also the continuity
of SOM lattice. Similar results have been obtained
by Galan etal. [8] using the gap metric method
which confirms the results from utilizing SOM on
model generation.

Here the SOM network functions as a nonlinear
map to automatically assign proper models to
different operating areas of the nonlinear system
based on the identification data of the nonlinear
system.

Umatrix
0.309

0.0169

Fig.6 U-Matrix of trained network

5-2 Controller design and implementation

In this section, the proposed control strategy is
evaluated using the nonlinear model of pH
neutralization process. Results have been compared
with a self tuning regulator (STR).

A total of 26 models are used in order to control
the pH plant in this paper. The bank of models
consists of 25 fixed models generated by the SOM

and one free running adaptive model to give the
control system the flexibility of working in
unexplored regions. In selecting the dimensions of
the SOM network, i.e. the number of fixed models, a
compromise should be made between the required
computational load and the accuracy of models.

Weighting constants of the performance index are
selected as «o,f=1,4=065, M = 30 and the

Hysteresis constant is §=0.8. Pole placement
controller with integral action is employed as the
closed loop controller. The desired closed loop pole
is placed at 0.95.

Note 2: 1f the applied control technique does not
include an integral action, there will be bias in
tracking and steady state errors will be inevitable due
to slight model mismatches.

Closed loop response of pH neutralization plant for
big setpoint steps is shown in Fig.7. The result
illustrates that the MCSOM controller have faster
and more stable response comparing to the STR.
Some observations from the simulations are given
below:

1) The MCSOM improve the transient response of
the closed loop system compare to the STR. This
improvement is the consequence of switching to
more appropriate models during the transient
response. Switching in MCSOM skips the transient
time of adaptation needed in the STR. The switching
delay in MCSOM which is a result of the hysteresis
and the excitation condition can be adjusted using
the design parameters and are much lower than the
transient adaptation time in STR.

2) The STR suffer from oscillations as the output
approaches the high gain area of around pH = 8.5
due to the delay caused by adaptation process.
Unlike the STR, the MCSOM avoided the oscillation
by switching to a more appropriate fixed model from
the model bank.

Fig.8 shows the results from [3]. A multiple-model
PID controller was used to control a similar pH
neutralization plant. Performance of the switching
controller was compared to a multiple model
interpolation (MMI) controller which is a tuning
method which estimates the model parameters
whenever poor performance of the current controller
is detected. Results show that although the switching
controller has improved the response in case of
stability and speed, but the switching controller still
experiences very different performances around
different setpoints. For example around the high-gain
region of pH=8, oscillations are observed while
around the lower-gain area of pH=6, we have an
over-damped response.

Journal of Control, Vol. 3, No. 2, Summer 2009

IFAA Olsls ¥ ojled (F tlor o S aloea



8 Design of Multiple Model Controller using SOM Neural
P. Bashivan, A. Fatehi

An improved switching algorithm based on the
excitation level of the process is suggested when
multiple model controller is applied to the process.
Simulation studies indicated better performance of
the multiple-model controller when this condition is

s WMWMW\ | applied to the switching algorithm.
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behavior of some of the models, there might be some

unnecessary switches between the models. Using Fig.10 - High pass filtered input signal and the excitation

excitation condition on the switches decreases the condition
unnecessary switches between the models and
smoothes the output signal.
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Abstract: In this paper, robust /_ control of an experimental system is considered. This system

consists of a pendulum free to rotate 360 degrees that is attached to a cart. The cart can move in one
dimension. The linearized model of the system is used and transformed to a linear diagonal form. The
system is separated into slow and fast subsystems. We consider the fast dynamics as disturbance and

this is used to design a H  controller for a system with lower order than the original system.

It is shown via a theorem that there is a state feedback controller such that the closed loop system will
be stable. Experimental results indicate that the performance is superior to the full-order LQR
controller previously used. Material presented at 16™ IFAC world congress.

Keywords: H-infinity control, Singular Perturbation Methods, Robust performance.
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1- Introduction An approach to reduced order controller design

based on the idea that one can consider the fast

Van der Schaft [1] indicated that in control of dynamics of a system as disturbances is first
nonlinear systems, if the H  control problem for the introduced by Khalil [2] and then is discussed by

Yazdanpanah et al. and Yazdanpanah and Karimi
[3]-[4], in which the authors introduced a new
algorithm for the problem of robust regulation for

linearized system is solvable, then one obtains a local
solution to the nonlinear / , control problem. One

problem with H designs is that the order of the linear singularly perturbed systems via treating the
controller is at least the order of the plant, and larger fas.t modes of system as uncertaipty using the small
if, as is common, weights are included in the design. gain theorem. Then the authors in [5] extended the

method introduced in [3] to a class of nonlinear
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affine systems. Also, in [6] and [7] robust stability
and disturbance attenuation for a class of linear
singularly perturbed systems has been considered. In

[8], problem of disturbance attenuation via H

approach for nonlinear singularly perturbed systems
has been solved by considering the related HII
(Hamilton-Jacobi-Isaacs) inequality, defining a

reduced Hamiltonian system, fast & -independent
PDE (Partial Differential Equation), and then

constructing the H, composite controller. And in

[9] the writers have shown that if the reduced order
system associated with the original system is
stabilizable or has uncertainties matched with the
input, then the closed loop reduced-order system has
the same property.

In the present paper, the fast stable part of the
system is considered as uncertainty and then the
controller is designed for the remaining part of the
system. The remaining slow subsystem has an order
less than the original one. The only information must
be known, is the H_ norm of the fast subsystem.

The part of the system regarded as uncertainty is not
entirely arbitrary since the small gain theorem must
hold.

Most systems have a lower gain in high
frequencies than in the low frequencies and so this
approach has wide applicability. No other dynamical
information is required. This is advantageous since
in general the high frequency aspect of a model is
not well determined. With this idea, one can use the
H_ method to design a robust controller using the

slow subsystem as the nominal plant.

The proposed method is applied to a flexible joint
robot manipulator ([5]) and the simulation results
showed the desired behavior of system.

In this work, the approach to an unstable system is
extended. The stabilization of an inverted pendulum-
cart is considered. First, the nonlinear part of the
system is eliminated, since it is stable and small.
Then the linearized model is transformed to Jordan
canonical form and the slow and fast modes are
separated. The stability of the controlled system is
proved through a theorem [5] and it has been verified
on an experimental apparatus. The performance is
shown to be superior to a linear quadratic regulator
previously implemented by Landry et al. [10].

2- System Definition

A pendulum is attached to the side of a cart by
means of a pivot that allows the pendulum to swing
in the xy-plane over 360 degrees. (See Fig. 1.) A

force F'(f) can be applied to the cart in the x

direction. In Table 1 there is a complete list of
notation.

The equations of motion for the system are (which

is mentioned, e.g. by Landry et al., [10])

(M +m)i + &t +ml6 cos 6 —ml6* sin 6 = F(¢),
ml¥ cos 0+ 4 ml* 6 —mgl sin 6 = 0. (1

Parameter values for the apparatus that is made by
Quanser Consulting Inc. [11] are given in Table 2.

Based on previous experiments, a value & =8 for
the friction parameter was used.

Using the state variables

X:(xl,xz,x3,x4):(x,)'c,ﬁ,é)T (2)

equations (1) can be written in first-order form as

X=7(x)= )
x2
2. A (€)
AF(t)—4ex) + 4mlx4 sin x3 —3mgsin x3 cos x3
4(M +m)—3m cos2 X3
x4

(M +m)gsinx3 —(F(t)—&x))cos x3 7mlx‘2‘ sin x3 cos x3

l(%(Mer)—mcoszx?,)

The force F(1) on the cart is due to a voltage V(?)
applied to a motor:

F@)=aV ()= pi@). “

Fit) —»]

0 =) i =

Fig. 1. Inverted pendulum system
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Table 1. Notation

Displacement of the centre of mass of the cart
x(1) ; ;
rom point O
0 (t ) Angle the pendulum makes with the top vertical
M Mass of the cart
m Mass of the pendulum
L Length of the pendulum
/ Distance from the pivot to the centre of mass of
the pendulum
P Pivot point of the pendulum
F(t) Force applied to the cart

The second term is due to electrical resistance in
the motor. The physical constants are

K, K
a=—212

2
, B=a°R.
Rd p

The voltage V' (¢)can be varied and is used to

control the system. A system of differential
equations can be written in a simpler form using the
normal form method. In general, the normal form
method is a series of nonlinear coordinate
transformations in order to eliminate or simplify the
equation nonlinearities. Although the transformations
are nonlinear functions of the state variables, they are
found by solving a sequence of linear equations [12].

In this paper using the Taylor expansion of f{(X)
about the equilibrium point (upright position of
pendulum) we obtain the linearized model of the
system (3). Then, using the idea of application of the
normal form method ([13]-[14]), we apply a
similarity transformation to convert the linearized
model to a diagonal form.

The model for the controlled system linearized
about the upright position is then

X = AX +bV (1) (5)

where

1 0 0
—4(e+p) —3mg
A= m+4M m+4M
10 0 0 1y
0 3e+p) 3(m+M)g
I((m+4M) [(m+4M)
o
_ba
| m+4M
b= "™ ©)
-3a
| [(m+4M)

It is well-known (e.g. as indicated by [10]) that for
the uncontrolled system (V(?)=0), the cart-pendulum
at rest in any upright position (x,0,nz 0) is at an
unstable equilibrium point.

3- H,, Controller design

A similarity transformation X =7y is used (see

also, [5] and [14]), where 7 contains the system
eigenvectors, to transform A4 into Jordan canonical
form. Equation (5) becomes

$=Jw+BV(t) )

Table 2. Parameter values of the inverted pendulum

Parameter Value Description
Wy, 0.360 Kg Weight mass
0.455
M Kg+w,, Mass of the cart
m 0.210Kg Mass of the pendulum
L 0.61 m Length of the pendulum
g 98 mJs Accgleratlon due to
gravity
& Unknown Viscous friction
K 0.00767 Motor torque and back
m V/(rad/sec) emf constant
K ¢ 3.7 Gearbox ratio
Motor armature
R 2.6 Q resistance
d 0.00635 m Motor pinion diameter

where J =T AT is a diagonal matrix of system
cigenvaluesand B=T""h.
We can recognize the slow and fast dynamics of

the system equation (7), which is in a diagonal form,
and decompose it into two subsystems as

X, =A, X, +Bu

. ®)
X, =ApX,+Bu
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where A, = diag{0,5,-4.74},and A, =—18.33.

The vector B is a permutation of elements of B
and B, . Here X, indicates the slow dynamics of
system, and X, the fast dynamics of system. Also,

u indicates the input control V' (¥) .

If we consider the slow subsystem as the nominal
system [5] with the controlled output Z

1 0
Z=CX,+Dpu= 0 X, + 7 u

and the measured output ¥
Y=C,X,+Dy X,

(where C, is chosen to be / and C;,C,,D,,,D,,;

are all matrices with proper dimensions), then the
nominal system with full information and with no
disturbance can be written as

Ay 0 B
P~ C, 0 D,
C2 D21 0

As mentioned earlier the stable subsystem with fast

dynamics will be considered as uncertainty A,

This means rewriting the system (8) is needed so
that the fast dynamics appear as disturbance to the
nominal system.

A state transformation [X,,X,]" = M[X,,X,]" is
applied to the system, where M ™ has the structure

Mo :{Mn M12:|
0 My

The equations of system (8) after transformation
are (see Fig. 2)

The new equation for the fast sub-system, or

uncertainty block, is
/?2 =ApX, +Byu ©)

Note that the coefficient of X 1 in the fast sub-

system is zero. Also, the equations for the slow sub-
system, or nominal block, become

Ay Ao B

P gl Dll D12 >
C2 D21 0

Z=CX,+D,, X, +Du,

Y =C, X, + Dy X,

where

= -1 = -1
C =CM;, C,=CM,,,
-1 -1
Dy =-C\M M, M»,,
= -1 -1
Dy =Dy —CoM{ M, M,
In Fig. 2, Z is the input to the uncertainty block.

The fast dynamics are exponentially stable.
Indicating the transfer function by

A(s)=(sI=Ayp) ' By, A, <7,

where 7, =0.301.

Since
A(s)=Cy(sI —Apy) "B, =Cy(sI —=Ap) ' B, , the
H , -norm of the uncertainty block is ;= 0.301.

The H , controller design problem for the system
shown in Fig. 2, will lead to a /1 controller for the

controller will be

designed here via state feedback (or full-
information). The next step is to determine

slow sub-system. The H

7, =miny , where 7, indicates the /7  -norm of

the controlled slow sub-system, and a corresponding
controller that achieves thi9)

The transformation M must be chosen so
71V, <l. By trial and error, a suitable

transformation was found:

I
M:[ 3

M12 M T
, M, =0.0095[1 117"
03><1 1

It is straightforward to verify that the slow sub-
system is stablizable and detectable. As indicated by
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Doyle et al. [15], it then follows that J, is the
smallest value of ¥ such that the eigenvalues of the
Hamiltonian matrix

—_ L ——
H = An 4 AIZKTZ_BIBIT:|

-G'G =

are not on the imaginary axis.

X, =A,X,+Bu

H  —controller

A

Fig. 2. Block diagram of system with fast dynamics as
uncertainty

Theorem 1 [15]: Under the standard assumptions
of stabilizability-detectability of [16], for a
given y > 0, there is an internal stabilizing controller
‘Tz)?z

such that <y, if and only if X is a

o0

positive semi-definite solution of algebraic Riccati
equation

/_\1T1Xoo + Xoo/_\ll + X, (7721_\12/_\{2 - 51§1T)Xoo
+CC =0

and the matrix A,, —(B,B" -y A,A,)X, is a
stability matrix. Then the related controller will be in
the form

u(t)=KX,(t), K=-B X, X,(t) (10)

The following theorem guarantees the stability of
the closed loop system.

Theorem 2 [5]: For the original system (3) and

with ¥, <}/<7/171, there is a state feedback

controller as (10) such that the closed loop system
will be locally asymptotically stable.

A
i
|

Proof: The state space realization of the original
closed loop system with controller (10) can be
written as

where h.o.t. denotes higher order terms in the
Taylor expansion. It is obvious that the eigenvalues
of N contain the eigenvalues of matrices A,, and
Ay, +B,K . As assumption, A,, is a stability matrix;
also, based on Theorem 1, the controller (10) is a

stabilizing controller for the nominal system P,
thus A, +B,K is a stability matrix. It follows from

the small gain theorem that the feedback connection
of two input-output stable systems will be input-

output stable provided the 7,.y <1 or y<y ™' ,in
which y; is the H, norm of uncertainty block, and
Y is the H | norm of nominal closed loop system

with controller that is greater than y, determined

from the Hamiltonian matrix. Thus, the linearized

approximation of the whole dynamics is
asymptotically  stable, and therefore, using
Lyapunov's linearization theorem, the original

system will be locally asymptotically stable.

4- Experimental Results

The H , controller of equation (10) is applied to

the pendulum system. Only the position of the cart
and the pendulum angle can be measured. An

observer is required to obtain X and © . In order to
compare to the results shown by Landry et al. ([10]),
the same Luenberger observer was used. The same
linear-quadratic regulator (LQR) used in [10] was

used as a comparison for the H - state-feedback

controller designed using the slow-fast approach in
this paper (or for simplicity, the 'slow-fast
controller').

The controlled pendulum angle and the cart
position are shown in Fig. 3. The equilibrium X

(cart position) is arbitrary, as can be seen from
equation (3).

In Fig. 4, the input controller signals, produced by
the slow-fast and the LQR controllers, are shown.
Although the performance of the two controlled
systems is similar, the slow-fast controller achieves
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this performance with a smaller controller signal and
also, with a system of lower degree.

Pendulum angle

& T T T T T T T T T
— Slow-fast Contmller
5 ---- LQR Contraller
al
al
o
ENELS
@
[}
1k
ok
Ak
2 L I L L L L I L L
a 2 4 [} =] 10 12 14 16 1ig 20
time (sec.)
Cart position
25 T T T T T T T T T

—— Slow-fast Controller
---- LQR Gontroller

5 L L . L . . L I I
[u} 2 4 g g 10 12 14 18 1g 20

time(sec.)

Fig. 3. System behavior via the two controllers without any

additional disturbance or noise. (The equilibrium X7, i.e.

cart position, is arbitrary)

Input cantrol

— Slow-fast Controller
---- L&A Controller

at i B

ol

I
u} 2 4 g g 10 12 14 16 18 20
time {sec.)

Fig. 4. The input controller signal, produced by the two
controllers in a condition without any additional
disturbance or noise.

The response of the controlled pendulum system to
a disturbing “tap” on the pendulum controller was
investigated for each controller. This “tap” was a
disturbing impulse which was applied to the
pendulum controlled by both controllers, similarly.
Fig. 5 shows the angular position of pendulum and
the cart position under this disturbance.

In Fig. 6, the behavior of the two controlled
systems with a time delay of 0.035 seconds in the
controller output is shown.

The performance of the slow-fast controller is
superior to that of the LQR controller for both the
disturbed and delayed systems.

Pendulum angle

— Slow-ast Controller
---- LGR Gontroller

2F B

Degree

L
o 2 4 [ a 10 12 14 16 18 20

time (sec.)
Cart position
25 T T . . T T T ; :
— Slow-fast Controller
---- LQR Gontroller
2of 1

5 L L L L

L
[u] 2 4 [ =] 10 1z 14 16 18 20
time (sec.)

Fig. 5. The behavior of pendulum system with an
additional disturbance on pendulum via the two
controllers. (The equilibrium x;, i.e. cart position, is

arbitrary)
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Pendulum angle

— Slowast Gontraller
---- LOR Gontroller

Degree

I
5 10 15 20 25
time (sec.)

Gart position

o ]

20f it i

5} 10 15 20 25
time (gec.)

Fig. 6. Pendulum system behavior with a transport delay of

0.035 sec. in the controller output. (The equilibrium X,
i.e. cart position, is arbitrary)

5- Conclusion

In this paper robust stabilization of an experimental
pendulum system using slow-fast decomposition
approach is considered. Considering the fast

dynamics as norm-bounded uncertainty, a

controller for the reduced order system (slow
subsystem) was designed. It was shown through a
theorem that the closed- loop system would be
stable. The resulting controller was implemented.
Experimental results indicate that the performance is
superior to the full-order LQR controller previously
used, i.e. the slow-fast controller achieves the
performance with a smaller controller signal and
also, with a system of lower degree.
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Abstract: This paper presents an algorithm based on the Generalized Lyapunov Theorem (GLT) for
constructing nonsmooth Lyapunov Function (LF) for nonlinear time invariant continuous dynamical
systems which can be differentiable almost every-where. A new method is firstly defined that a
neighborhood of the equilibrium point (origin) is partitioned into several regions by means of the
coordinate hyperplans (axes) and system state equations (nullclines); hence, the number of regions is
a function of number of system states. Then, this method selects a LF in each region by original
nonlinear model of system, based on the several proposed analytical Notes. These Notes select LF’s
and solve continuity problem of them on the boundaries of regions in more cases. The existing
methods that use piecewise model of system in each region for constructing piecewise LF are
approximate and computational, but, the defined method is completely exact and analytic. The
different steps of this method are proposed by means of a non-iterative algorithm for constructing a
nonsmooth continuous Generalized Lyapunov Function (GLF) in whole neighborhood of the origin.
The ability of this algorithm is demonstrated via a few examples for constructing LF and analyzing
system stability.

Keywords: Stability analysis, Continuous nonlinear dynamical systems, Generalized Lyapunov
theorem, Nonsmooth continuous Lyapunov functions.
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1- Introduction

Lyapunov theorem is used for system stability
analysis, which is an important issue in nonlinear
dynamical systems theory. A main advantage of this
theorem is reduction of system stability analysis with
several dimensional equations, to the study of a LF
with one-dimensional equation. There is no a
systematic approach to choose LF for any nonlinear
system, and the choice of LF is not unique.

Several nonsmooth Lyapunov stability theorems
are defined in the articles. These theorems can be
classified in two main categories. The first category
determines the generalized derivative of a
nonsmooth LF on its nonsmooth surfaces, via
differential inclusion or similar approaches. In these
theorems, the important step is to verify the
generalized derivative of a nonsmooth LF on its
nonsmooth surfaces. For example, [5] defined a
nonsmooth Lyapunov stability theorem for a class of
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nonsmooth  Lipschitz continuous LF’s using
Filipov’s differential inclusion and Clarke’s
generalized gradient. Based on the latter paper, [6]
constructed the LF’s for several complicated
systems.

The second category of nonsmooth Lyapunov
stability theorems does not determine the generalized
derivative of a nonsmooth LF on its nonsmooth
surfaces. These theorems analyze system stability
without calculation of gradient vector to the system
solutions. Several of these theorems are mentioned
below.

[1] proved a GLT for nonlinear dynamical systems,
in which, LF can be discontinuous except for the
origin, so, all regularity assumptions are removed for
the system dynamics and LF’s. Our algorithm in this
paper is proposed using this GLT.

[7] proved a version of the Lyapunov's theorem for
time invariant systems of ordinary differential
equations, whose right hand side is continuous, but
not Lipschitz continuous, in general. For such
systems, stability cannot be characterized in general
by means of smooth LF’s.

[8] defined another theorem for constructing weak
GLF for time invariant continuous systems. In
nonsmooth Lyapunov stability theorems, the LF’s
can be nonsmooth except for the origin. Therefore,
based on these theorems, nonsmooth LF’s can be
constructed for both continuous and discontinuous
systems.

A number of articles have dealt with the continuity
type for LF, for example; [2] proved for nonlinear
systems, which are at least continuous, that the
existence of a continuous LF does not imply the
existence of a locally Lipschitz continuous LF, and
also the existence of a Lipschitz continuous LF
doesn’t imply the existence of continuously
differentiable LF.

The nonlinear systems can be analyzed by
partitioning the state space into several divisions. By
this method, firstly, in each division a Piecewise
Model (PM) of the original nonlinear system is
selected, and using it, a LF is constructed in each
region. After that, the constructed LF’s under special
conditions are combined, and a piecewise LF for the
PM of the whole system is obtained. This method
should finally prove this obtained piecewise LF is
useful for stability analysis of original nonlinear
system.

Various applications of this method have been
reported in the literature; for example; [9] obtained a
switching LF for a class of nonlinear continuous

systems. It approximates a PM by a switching fuzzy
model in each quadrant. The stability is analyzed via
a derived Piecewise Quadratic (PWQ) LF for each
region. The parameters of quadratic matrix are
solved by Linear Matrix Inequalities (LMI).

Johansson and Rantzer defined a method for time
invariant nonlinear systems with Piecewise Affine
(PWA) dynamic model [3], [4]. In this method
around the origin is divided into some polyhedral
cells with pair-wise disjoint interior, then, a PWQ LF
is computed in each of them. The search for a PWQ
LF is formulated as a convex optimization problem
in terms of LMI.

[10] defined a construction method of PWQ LF for
a simplified Piecewise Linear (PWL) model of the
original nonlinear system. This method divided
around the origin into a lot of simplices, then,
computes a PWQ LF in each division by means of
the variable gradient method.

[11] proposed an algorithm for constructing a PWA
LF for nonlinear continuous time invariant ordinary
differential equations in a family of simplices by
linear programming.

[12] considered a parametric PWL model of
nonlinear system, over a simplicial partitions in an
area around the equilibrium point. It constructed a
PWL LF using linear programming methods.

[13] computed global LF for nonlinear systems by
means of radial basis functions.

All PM methods in above, have these
disadvantages; they are  approximate and
computational, also, the result of the system analysis
depends on the state space partitioning. To obtain
sufficient resolution in the analysis, it is often
necessary to refine an initial partition. Such
refinements can be targeted towards increasing the
accuracy of the model, or towards increasing the
flexibility of the LF computations.

This paper describes a non-iterative algorithm,
which is introduced for constructing nonsmooth
continuous GLF for nonlinear time invariant
continuous systems that can be differentiable almost
every-where. The proposed algorithm is based on a
GLTin [1].

This algorithm has three main stages. In the first
stage, it defines a method in accordance to PM
method for dividing neighborhood of the origin into
several regions by means of coordinate hyperplans
(axes) and state equations (nullclines), therefore, in
this method the number of regions is a function of
number of system states.
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In the second stage, this method constructs a LF in
each region by means of the original nonlinear model
of system and several analytical Notes. Unlike the
existing PM methods, that use an approximate model
of nonlinear system, this method is completely exact.
Also, the existing PM methods are computational,
but this method is analytic.

In the final stage, it combines selected LF’s and
constructs a nonsmooth continuous GLF with a
condensed formula based on a proved theorem.

The restrictions of this algorithm are; original
selection of LF’s for regions, and then, continuity of
LF’s on boundaries of regions, hence, the Notes are
proposed to solve these restrictions in more cases.

In the next section, the mathematical framework
for this paper is given. A new method for
partitioning the neighborhood of the origin into
several regions is presented in section 3. Section 4
explains construction of GLF. A proposed algorithm
for obtaining GLF is defined in section 5. The
capability of this algorithm is illustrated, when
employed on two examples, in section 6.

2- Mathematical framework

Consider a nonlinear time invariant continuous
dynamical system (1), which can be differentiable
almost every-where.

=f(0), 120, x()eDR', f:D-R, f(0)=0eD (1)

where D is an open set andx:7c R— D is said to be

a solution to (1) on the time interval 7', providing
x(t) satisfies (1) for all feT . f is such that the

solution x(¢) is well defined on 7 =[0,0), that is,
assume, for every y e D there is a unique solution
x(¢) of (1) on T, such that x(0)=y, and all the
solutions x(¢),# >0 are continuous functions of the
initial conditions x, =x(0)eD [1]. GLF is lower semi-

continuous and differentiable almost every-where.
Two definitions and a theorem are recalled from [1],
below.

Definition 1 [1]: A function V:D — R is lower
semi-continuous on D, if for every sequence
{x"}w «p such thatlim _ x =x, then

n=0 n—w “'n
V(x)<liminf,  _V(x,)-

n—wn

Definition 2 [1]: A lower semi-continuous,
positive definite function J(x), which is continuous

at the origin, and satisfies ¥ (x(r))<V(x(r)) for

allf > 7 > 0is called a GLF.

Theorem 1 [1]: Consider the nonlinear dynamical
system (1) and let,x(¢),# > 0, denotes the solution

to (1). Assume that, there exists a lower semi-
continuous, positive-definite function y: p — R such
that J(x) is continuous at the origin and

V(x(1))<V(x(r)) for all t>72>0. Then the zero
solution x(#) =0 is Lyapunov stable.

3. Partition method (definition of region)

Let, the coordinate hyperplans (axes) x, =0, and
nullclines x =f =0, ie{l2,.,n}, partition an

open set D < R” in a neighborhood of the origin into
several regions, where each region is denoted
byR,.je{1,2,..,m}. Obviously, a common boundary
of two neighboring regions is a coordinate hyperplan
or a nullcline. If a nullcline is along a coordinate
hyperplan, then the coordinate hyperplan is
considered. The common vertex of all regions is the
origin.  Each  region  has n common
boundaries S,=R,NR,;; which are the coordinate

hyperplans or nullclines with its neighboring
regions R,

4. Construction of GLF

For constructing GLF for (1), a smooth LF is
selected in each region; hence, each LF is non-
increasing  within its  corresponding  region.
Moreover, if all neighboring LF’s be equal on their
common boundary, therefore, the condition
V(x(t) <V(x(z)) for all /1>7z>0 is satisfied, so, one

can use theorem 1 for constructing GLF.

Assume, v (x) in R, satisfies (2),(3).

Vj,v,(x):R, cD<R" - R,v,(0)=0 @
VxeB, =BNR, :(vj(x)>0forx#0)andv,(x)<0 (3)
VxeB, =BNR, :(v(x) >0forx#0)andv,(x) <0 (37)

Where B is an open set in neighborhood of the
origin and v; 0eB,cBcD-

VxeS, NB:v,(x)=v.(x) (€]

If (4) is satisfied on all common boundaries of
regions, then all neighboring LF’s are continuous on
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their common boundary S > in B.

Definition 3: A proposed parametric LF is a time-
invariant smooth function v, (x)> in R, that satisfy

(2) and (3).

At first, v, (x) is often selected for more regions as
v,(0)=dh(acR > Where, 5 /=12 is a time-

invariant smooth function in R,.

Definition 4: A proper LF is a proposed parametric
LF which satisfies (4) at some common boundaries
of its region.

Definition 5: A special LF is a proper LF which
satisfies (4) on all common boundaries of its region,
and its parameters are identified.

Definition 6: An orthant is the n-dimensional
generalization of the two dimensional quadrant and
three dimensional octant.

To construct GLF, the following steps must be
carried out: firstly, proposed LF’s are chosen for
more regions. Secondly, using these proposed LF’s,
proper LF’s are constructed. Special LF’s are
obtained by means of the proper LF’s, and finally, a
GLF is defined using the special LF’s. Each kind of
boundaries, which are the coordinate hyperplans,
nullclines or both of them, will provided different
relationships for LF’s. An algorithm is proposed for
constructing GLF.

5. Proposed algorithm

Please, trace each step with its corresponding step
in examples, to illustrate algorithm.

Divide a neighborhood of the origin into several
regions by the coordinate hyperplans and nullclines.
Select the lowest order of all LF’s equal together to
satisfy (4) on the coordinate hyperplans, else, the
continuity of GLF is not provided on them.

Select proper LF for regions, which are on either
side of the nullclines that aren’t along the coordinate
hyperplans by the next Note.

Note 1: Let, a nullcline S, 1% =0, be the common
boundary of R, andR, and it isn’t along the
coordinate hyperplans. Let, |/ ()] and |7, (0)| be
proposed LF’s in R, and R, respectively, such
that, Ja(x) = fi,(x) = f;(x) = X, ®)

then, \ (x)=a,|/, v ad v (x)=a,|f,(v)-a; R are

proper LF’s for R and R,, because,

J

Ji®—f,0)=f(x)=% and WeS, NB=x, =/,(x)=0

80,VxeS, NB= f,(x)— f,(x) =0=|f, ()| =|/,,(x)| >
thus, v (%)=, (x) and holds (4) true.

The previous step offers n LF’s for a region whose
all boundaries are nullclines which are not along the
coordinate hyperplans. For such a region, compare
the offered LF’s with LF’s of its neighboring
regions, and then, for this region select a LF equal to
one of the LF’s of its neighboring regions.

Select proposed LF for a region whose boundaries
are only coordinate hyperplans, by the next Note.

Note 2: Suppose, R, is a region whose boundaries
are the coordinate hyperplans S, x =0, this

region is an orthant. Let, LF’s of all neighboring
regions of R;,v  , are selected by the previous

steps. Therefore, each v_(x)‘ is a LF for
Jt x=0

S.:x=01inB.

Jt
To satisfy (4), vf(x)‘x,:() :Vﬂ(x)‘ zomust be satisfied

for all S, x=0 in B. It imply that, (6) can satisfy
(4) on all common boundaries of R, by adding

some statements with each |, (x)‘ or a selection of
st =0

appropriate parameters for LF’s in the next step.

b, eR* ©)

Vj(x):i]bjivﬁ(x)‘xl ji

=0
(when,n=2, if by =b;, =1, then v, (X)LZO :Vﬂ(x)‘xl:u’

hence _ ‘ ‘
»V; (X)L:O =v;,(x) 0’ ? vf'(x) _vf‘(x) x,:OJrva(x) %,=0

X, =

satisfies (4) in R, .) Moreover, if (6) satisfies (3) in
R, then, (6) is a proper LF on this orthant.

If the following Note is satisfied on all coordinate
hyperplans, then parameters of LF’s and special
LF’s are specified

Note 3: Let, R cQ, and R cQ, be two
neighboring regions, where (@ and @, denote
orthants and S, :x,=0 is their common boundary.
All LF’s in Q,and @, are already selected in

previous steps.

Assume, g, (v)=d (x)—d,(x) M
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Such that, ¢ (x)=v, (x)‘m’dk(x) =),

If a selection of appropriate parameters for v,(x)
and v, (x) satisﬁesd,k (x)=0, then these proper LF’s

are continuous on S, :x, =0, and holds (4) true.

Else if, the lowest order of v, (%) and v, (x)is deleted
in d (x) by a selection of appropriate parameters for
them, then, the value of d . (x) is smaller than the
value of each LF in neighborhood of the origin (note
that, the lowest order of all LF’s for system must be
equal).

Therefore, by adding d(x) with all LF’s in O,
(Or—d,-k (x) with all LF’s in 0, ), new LF’s in 0, and
Q, are constructed, as the new constructed v,(x) and
v,(x) are continuous on S,:x,=0> and holds (4)
true.

If this Note is repeated on all coordinate

hyperplans, then, parameters of LF’s and all special
LF’s may be identified.

If the special LF’s for all regions are identified,
then, construct a nonsmooth continuous GLF for
system (1) by following Note.

Note 4: A nonsmooth continuous function is
constructed by combination of the special LF’s,

v, (x),j €{l,e..,m)
V(x)= iv/ (0¥, (x) ¥ (x) = {1 xeB, (8)

0 x¢B,

where ¥ (x) is a characteristic function.
(9) defines derivative of (8) almost every where.

V/ (x)= Zm: v, (x)  ae ©)

According to theorem 2, V(x) in (8) is a GLF, and
the origin is (asymptotically) stable.

Theorem 2: Consider the nonlinear dynamical
system (1). Let, B < D be an open set, o c g Where is

the interior of B and 1}, be the interior of B,
0cB R, Suppose, D is divided by the coordinate

hyperplans and nullclines of system into several
regions R;.

If V(x) in (8) which is constructed by the special
LF’s, satisfies (2) and (3) within all regions in B,

and also, if it satisfies (4) on all common boundaries
of the regions in B, then, (8) is a GLF for (1), and
the origin is Lyapunov stable. Moreover, If all
special LF’s satisfy (3”) within their regions, then,
origin is asymptotically stable.

Proof:

* Since, V(x) satisfies (2)an,v/(0)=03 V(0)=0>
therefore, J/(x) is continuous at the origin.

* Since, V(x) satisfies (3),

VxeB, < B:V(x)=v,(x)>0forx=0 , hence, V(x) is
a positive-definite function, also, VxeB,,v,(x) <0,
but, VxeS, _{o}, V(x) 1is non-differentiable in
general, therefore, V/ (x) isn’t often defined on the
boundaries. Thus, vye g, BV, (x)=¥,(x)<0, e
v (x) is differentiable and non-increasing within all

regions in B .

* Since, VxeS, NB:V(x)=v,(x)=v,(x) in (4), thus,
V(x(t)) <V(x(r)) for all r>7>0 forany x eB.

* Since, y(y) has a zero minimum value in B, for
every sequence {Xn }‘”:0 c B, S0, lim_ x =0. Hence,
inf__ V(x,) exists andjiminf,  V(x,)>V(0)=0, 1€

V(x) is a lower semi-continuous function.

* According to theorem 1, since, function y:p—R
is lower semi-continuous, positive-definite and
continuous at the origin, and moreover,
V(x(t))<V(x(r)) for allt >7>0, (8) is a GLF for (1) in

B and x(r) =0 is Lyapunov stable.

* Moreover, If each special LF’s satisfies (3°)
within its regionyy ¢ g, < B: V,(x)=¥,(x) <0 it means
that J/(x) is decreasing within all regions in B,
therefore, Vf(x)<o ae. along the system solutions in
B.

* In addition, the special LF’s satisfy (4) on all
common boundaries, VxeS, NB:V(x)=v,(x)=v,(x),

S0, Vx(0)<V(x@) forall 12 72 0 forany x, € 5.

* J(x) in (8) has a zero minimum value in B, if
t >+o=V(x(f))—0, that it means the origin is
asymptotically stable.

(18)
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6- Examples

In this section, the GLF is constructed for two
systems. The stability of the origin in these examples
is approved by simulation with MATLAB software.
These examples demonstrate ability of the proposed
algorithm for system stability analysis.

Example 1:

X =f(x)=x,—x tan(xf)
X, = f,(x) =(sgn(x,) —2)x, —4sat(x,)+sin’(x,)
—0.2<sat(x)<0.2

Figure 1 shows a neighborhood of the origin for
this continuous system. The simulation in figure 2
shows that the system is stable. The proposed
algorithm is implemented for constructing GLF.

The neighborhood of the origin is divided by the
axes and nullclines into 6 regions.

In the second quadrant, on x, =0,
4x, —sin’(x,) = —-3x, , therefore,
v, (x) =y, ‘]’21 (x)‘ =0y, (4x, — sin? (x)) ’
V3 (X) = @y £y (%) = =3etys, -
In the fourth quadrant, onx, =0,
—4x, +sin’(x,) = x, , therefore,
v5(x) = asﬁ‘fﬂ(x)‘ = a5 (—4x, +sin’(x))) ’
Ve (%) = g [, (X)| = s, -
No region exists with nullcline boundaries.

Consider the first and third quadrants of this two
dimensional system:

In the first quadrant,

Vs (x)‘xlzo =4ay;x,» Vg (X) = Qs Xy >

x,=0

SO, v (x) = asx, + 40X, and holds (4). After
checking, we find that, (3), is satisfied by it inR,,
hence, it’s a proper LF.

In the third quadrant,

V3 (x)‘xzzo = =305, 5 vy (X)LIZO =—4ayx,»

80, v, (x) = =3a,,x, — 4a,,x, » satisfies (4).

Similarly, since, this function satisfies (3) in R,,

it’s a proper LF for this region.

Since, system is two dimensional; the continuity of
LF’s on all axes is provided in the previous step.
Thus, Va,,,a, € R, the special LF’s are specified.

By assumption, Qy =g, =1,

v (x) = x, +4x,,v,(x) = 4x, —sin*(x,),

v;(x) ==3x,,v,(x) = -3x, —4x,,

vs(x) =—4x, + sinz(xl ),V (X)=x, -

Vi(x)= Z v, ()Y, (x)

J=1

Vf ()= if; ()Y (0)<0 ae.

J=1

It is a GLF for the system and the origin is
asymptotically stable.

Example 2:

c— o el
X =/ = 3x,+‘xl‘+1+x2

1

. : X,
N=h=——-x
1+xx,

Two functions f,(.) and f,(.) are continuous, but,
/£,() is non-differentiable on the axes. Two figures

3, 4 show the neighborhood of the origin for this
stable system and its phase plan, respectively. The
proposed algorithm is used for constructing GLF for
the system.

The neighborhood of the origin is divided by the
axes and nullclines into 8 regions.

In the first quadrant, i, =0 = x, = x, + x,x?

v (x)= alz‘fn(x)‘ =a;,(x)

E

v,(x)= 0512‘4]{22 (x)‘ =a,(x, + xlxzz) .
In the first quadrant, z, = 0 = 2x, = x, - 2x]

v,(x) = az}‘fn (x)‘ =2a,x,

vy (x) = azz‘fiz (x)‘ =y (x, - 2x13)'

In the third quadrant, x, = 0 = x, = x, + x,x2

vs(x) = ass‘le (x)‘ =as(—x))>
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ve(X)= asé‘fzz (x)‘ =a6(—x, —x1x22) :
In the fourth quadrant, ; = 0= —x, =x, +2x
v (x) = am‘fn(x)‘ =0.50,4(=x, = 2x7) 5
vg(x) = a78‘ﬁ2(x)‘ =Xy -

The previous step offered two LF for R,, if
V() =0,(0) =205, =01, then, (4) is satisfied on their

common boundary.

Since, the

V() =, +vs()

system is two dimensional,
= @X, — A, satisfies (4)

%,=0
on x, and x, . Moreover, after checking, we get
that, (3), is satisfied by it in R,, hence, it’s a proper
LF for this region.

For continuity of LF’s on x;", x; ,
d,(x) = 20,,x,, dg (X) = apx, » if,
0, =050, = d(x)=0.

d(x) = —QseX,, d; (x) = =0.5a5x, »
if, o, = 0.50,, = d, (x) =0

Therefore, 050, =a., =a,,, by assumption, oy =1

the special LF’s of the regions are identified.

Vi (X) =v,(x) = v (x) = 2x,, vy (x) = x, — 2x13
V(%) = x, — x5 v5(x) = =x;, v (X) = —x, — xlxzz

v, (x) =—x, - 2x; .
V(x)= Zg:v/(x)‘l’f(x)’ V,(x)= Zx‘lv' SOV, (0)<0 ae.

V(x) is a GLF for this system and the origin is
asymptotically stable.

(1]
0.5 #,=0
01
R | R
0.05
R,
’ R,
R, o
0.05 R5 X =07
01
015
0.2
0z -0.15 -01 005 a 005 a1 015 02

Figure 1: The regions for example 1

0.2 -0.1% -0.1 -0.05 L] 0.05 0.1 0.15 0.2

Figure 2: Simulation of example 1

=0 %,-0

! R,
0.08 7

0.02 q
R,

002 R?3 1

X, =0 =0

0.1 -0.05 0 0.05 0.1

Figure 3: The regions for example 2

01 008 -006 -004 002 0 002 004 006 008 0.1

Figure 4: Simulation of example 2

7. Conclusion

In this paper, a non-iterative algorithm was
proposed for constructing Generalized Lyapunov
Function for nonlinear time invariant system which
can be differentiable almost every-where, such that,
the system solutions be well defined. The proposed
algorithm was based on the Generalized Lyapunov
theorem, hence, it didn’t require calculation of the
generalized derivative of nonsmooth LF’s on their
nonsmooth surfaces.
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Unlike the methods that for constructing piecewise
LF, used approximate piecewise model of system in
each region, the defined method used original
nonlinear model of system, hence, this method was
exact. Furthermore, these other methods are
computational and more detailed analysis comes to
the cost of increased computations, but, this method
was analytic.

The steps of algorithm were defined by means of
several proposed Notes, which select LF with
attention to kind of boundaries of each region.

According to the algorithm, a GLF for the whole
system was constructed by a condensed formula. The
capability of the algorithm was demonstrated by
successful construction of GLF’s for two nonsmooth
examples.

The main restrictions of this algorithm were
original selection of LF’s for regions, and then,
continuity problem of LF’s on their common
boundaries. The Notes are proposed to solve these
restrictions in many cases.

In the next researches, one can suggest these
subjects; can this algorithm obtain GLF for every
stable continuous system? Is there a systematic
approach for selection of LF’s and continuity of
them on the boundaries?
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Abstract: Model order determination, the first step of system identification, plays a dominant role in

modeling any dynamic system. In this paper, a new method for AR order determination of 3-D
ARMA models is proposed. The proposed method is based on minimum eigenvalue (MEV) criterion
and instrumental variable (IV) approach. The model is assumed to be causal, stable, linear, and spatial
shift-invariant with quarter space (QS) region of support. Numerical simulations are presented to

confirm the theoretical results.
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Nomenclatures:
AIC: Akaike Information Criterion
AR: Autoregreesive

ARMA: Autoregreesive Moving Average

CRA: Column Ratio Array
Iv: Instrumental Variable

LRA: Layer Ratio Array

MA: Moving Average

MDL: Minimum Description Length
MEV: Minimum Eigenvalue

1-D: One-Dimensional

QS: Quarter Space

ROS:  Region of Support

RRA: Row Ratio Array

SVD: Singular Value Decomposition
3-D: Three-Dimensional

2-D: Two-Dimensional

1- Introduction

Recently, there has been considerable interest in
three-dimensional (3-D) systems by 3-D auto-

regressive (AR) models and 3-D autoregressive
moving-average (ARMA) models. These models are
used in several areas such as modeling, system
identification, spectral analysis, etc [1]-[6]. In most
cases, the model order is assumed to be known.
However, in most realistic situations, the model
order is not known and must be estimated.
Obviously, selecting the model order is an important
first step towards the goal of system modeling.
Model order determination of 3-D ARMA models is
a difficult task.

During the last three decades, several new methods
and algorithms have been proposed for one
dimensional and two-dimensional (2-D) model order
selection, but 3-D model order selection has not
received so much attention.

Generally, the existing order determination
methods can be divided into two categories, namely,
information theoretic criterion methods and linear
algebraic methods [7]-[10]. Information criterion
methods, e.g., Akaike information (AIC) criterion
and minimum description length (MDL) criterion,
are evaluated by minimizing an expression that
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depends on the prediction error variance and free
parameter number. The value of order that yields the
lowest value of selected criterion is chosen as the
best estimate of the true model order [9]. In applying
AIC or MDL criterion, one usually has to estimate
the parameters corresponding to all possible model
structures. Therefore, these methods are very time
consuming [9]. The minimum eigenvalue (MEV)
criterion is based on MDL criterion. It permits the
choice of the true order with high accuracy and
without any parameter estimation [9].

The linear algebraic methods are based on
determinant and rank testing algorithms, SVD-based
methods, etc. In these methods, the order of the
system is usually determined using the rank of
special matrices. References [8], [11] are examples
of this class.

In this paper, a new technique for AR order
selection of 3-D ARMA models is proposed. The
proposed method consists of the minimum
eigenvalue (MEV) criterion and instrumental
variable (IV) approach (with delayed observations).
Usually, the techniques based on the computation of
an information criterion need the parameter
estimation of all the possible models including the
true order. On the contrary, this method only needs
the computation of matrix eigenvalues.

Based on the authors’” knowledge, three-
dimensional ARMA model order determination has
not been studied as much as one-dimensional and
two-dimensional case. However, some references
([1-2]) have proposed some methods for 3-D AR
model order determination. These methods cannot be
used for 3-D ARMA model order determination.

The model considered here is assumed to be causal,
stable, linear, and spatial shift invariant with quarter
space (QS) region of support. The paper is organized
as follows: The problem formulation and the basic
algorithm are presented in section 2. Section 3
provides numerical simulations in order to illustrate
the effectiveness of the proposed method. Section 4
concludes the paper.

2- 3-D AR Order Determination of a 3-D
ARMA Model
2-1- Preliminaries

Consider a 3-D causal, stable, linear, and spatial
shift invariant ARMA model defined by

* * *
nopon
Z Diyin i3 Vey=iy tn=in 13-i3 =
i1=0 ip=0 i3=0
* * %
a @ 0B

Z bi.jo.j3 en-i1o-ini3- (1)
N1=0 j2=0 j3=0

ag,0 =1

where (pi.py.p3) and (¢1,92.q3) are the AR

order and the MA order of a 3-D ARMA model,
respectively. The following conditions are assumed
to hold.

Assumption 1: e, is a white noise with zero-

212,13

mean and variance 062 .

Assumption 2: The true AR model order is

(p1.p3.p3) such that

* .
py = max{j ; D i i # 0}

* .
py=max{iy ; @ ; ;0 # 0}

* .
py=max{i3 ; a; ,; #0}

Assumption 3: The 3-D ARMA model in (1) is
stable.

Note that the stability analysis of 3-D models is
much more difficult than one-dimensional case. One
of the most important reasons is that
multidimensional systems have infinite poles. As a
result, the convention methods and theorems for 1-D
stability ~ analysis  cannot be used for
multidimensional case. For more information in
multidimensional stability conditions, one can refer
o [12]-[13].

Since the true orders (pf,p;,p;) and (qf,q;,q;)
are unknown, the general case of (1) with

(P1.P2.P3:41-92.93) replaced by unknown orders
(p1>P2-P33591,92,93) is considered.

2-2- Algorithm for AR Order Determination

Assuming the data length is N; x N, x N3 (that is
4=0,1, .., N -1, tp=0,1, .., Ny -1, and
t3=0,1, .., N;—1), the equation (1) can be
rewritten in a matrix form as follows:
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YO=W 2

In the above equation, Y is an output data matrix
with dimension
(NINyN3) x (py +1)(py +D(p3 +1), vector @ is a
(p1 +D(py +D(p3 +1)x1 parameter vector, and W
isan (NN, N3)x1 input data vector.

0=00, 6, ...0,1 (a)
T
0, =160 651 - 03 p, 1 (3b)
T
Hil R :[ail ,in,0 ai],i2,1 ail,i2,p3] (30)
W=[Wo Wy ... Wy, 41" (4a)
T
Wy = W0 Wit - Wy np-i] (“4)
T 4
Vth,l‘z :[th,tz,o Wl‘l,l‘z,l ce Wt1,t2,N3—1] ( C)
a6 D B
Wity = biviy iy ity =i ty-
and
Y, ©O o)
Y Y 0]
¥ 1 :0
Yyt Yn,-2 Y, -1 p, (5a)
Yo O .. o
Y, Y, o'
Ytl _ ti,l tl:,O
(5b)
Yy Nyt Yy ng—2 - Yo Ny-1-py

n=01,. N -1

Vi112,0 0 0

yt1,l‘2,1 yf1,t2,0 0

ity =

ytl,tz,N:;f] yt1,l‘z,N372
%) =0,1,...,N2 -1

ytl,lz,N371*p3

(5¢)

Note that matrices O and O’ in (5a) and (5b) are
zero matrices with dimensions N, x(p, +1) and

N3 x(p3 +1), respectively. An instrumental variable
(IV) matrix can be defined as

Zy, O 0
VA Z o
7= 1 :0
Zna Ly ZN 1k (6a)
Zyo O .. O
Z V4 o'
Ztl tl:,l 1‘1:,0 .
(6b)
Zt],N2—1 Zt],Nz—Z Ztl,Nz—l—kz
ft=0,1,... N -1
Ztl’tz’o 0 e 0

Zl],l‘z,l le,t2,0 0

Ztl,tz =
Ztl,tz,N3—1 Ztl,tz,N3—2
7 =01,.,N -1
15} =0,1,...,N2—1

. Zl‘l,lz,N3—l—k3

(6¢)

where z; ;. .., O, and O' are an IV sequence and

zero matrices with dimensions N, x(k, +1) and

N3 x (k3 +1), respectively. Several choices of

are possible as long as IV sequence is

RUICRE

uncorrelated with the noise part w, ,, ,. and fully

correlated with the observed part Vi taut [14], [15].
In this paper, the instrument z, ,, . is formed
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from the delayed observed data y;, with

sty=l 1313
l1>q1, Ip >qp,and /5 > g5 . Premultiplying (2) by

;ZT and considering V = ;ZTW s
NNy N3 NNy N3
the following equation is obtained:
1 T
—7'Y0=V
NNy N3 (7)

V' is an asymptotically Gaussian distribution with

zero mean [15]. If D is defined as
:;ZTY, the equation (7) can be
N1N; N3
rewritten as
DO=V ®)
In which, the dimensions of D and V

respectively are

(ky +1)(ky +D(ky +1)x (py +D(py +D(p3 +1) and
(ky +D)(ky + 1) (k3 +1)x1. Now the matrix R is
defined as

R=D"D ©)

Note that R is a symmetric and positive semi-
definite matrix. The method proposed in this paper
permits the choice of the AR order of 3-D ARMA
models in (1) with high accuracy and without any
parameter estimation. This method uses both 3-D
MDL criterion and the minimum eigenvalue of
matrix R .

In the 3-D case, the MDL order determination
criterion appears as follows [2]

'‘MpL(P1,p2,p3)=—log(f (V) +K
K= %(m +1D)(p2 +1D(p3 +Dlog((ky +1)(ky +1)(k3 +1))
(10)

where f(V) is the probability density function of
Vv such that
T .

V= [VO,O,O "'VO,O,k3 "'vkl,k2,0 ...Vk] o ks ] Since

Vi.1.,15 1S Zero-mean white Gaussian noise,

J) =

1 T
W P Y
(27c?) 2 an
_ 1 L
T e P 3RO

(276?) 2

2

where o is the variance of vy Replacing

f(V) by (11) results in

0,03 "

(ky +D)(ky +1) (k5 +1)

log(2776>
3 g(270”)

oL (P1> P2, P3,0) =
+% 0"RO+K
20
(12)

For fixed-order (py, p,,p3) and constraining & to
have unit Euclidean norm, the choice of & that
minimizes (12) is found to be the eigenvector
associated with the minimum eigenvalue (A.,;,) of
R [2]. In other words

1 T
ol. RO,
(ky + 1) (ky + 1)y +1) ™00
1 Ty o2
(kg +D)(ky +1)(k3 +1)

Therefore,

1 A g2
(ky +D)(ky + Dy +1) ™"

Substituting and dropping all the terms not
depending on py,p,,p3 or 6,

(ky +1)(ky +1)(k5 +1)
2

Typr (p1s P2, 03) = log(Amin)

+K
(14)

The term @ in the argument of MDL has been
dropped since it has been incorporated into the A,

term. Multiplying both sides of the above equation
2

(ky + D(ky + D(kz +1)
lead to

by and combining terms
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2
(ky +1)(ky +1)(k3 +1)

JvpL(p1> P2, p3) =
(15)

(p1+D(pa+D(p3+1)
10g(Ain (ky + Dy +1)(ks +1) Fr#DE2 D)

Since log(.) is a monotonically increasing function,
a different criterion can be formed that contains the
same information as J,p;(p1,p2,p3), and

combining terms. Therefore, using a combination of
MDL criterion and instrumental variable (IV)
method, the minimum eigenvalue criterion for AR
order selection of an ARMA model is as follows:

J = Zmin
(23D (16)
[k + kg + 1)k +1)) DR HDEHD

where A, is the minimum eigenvalue of positive
semi-definite matrix R .

From the above equation, it can be seen that when

ky > or/and k) >0 or / and k3 > oo the
(P1+D)(p2+D(p3+1)

[((ky +D)(ky + (k3 + 1) CDEDETD ] partof
(16) is approximately one and AR model selection is
asymptotically simplified by examining the
minimum eigenvalue of R for different values of
p1>P25 P3-

Note that if py,p,, p3 are chosen such that
* * * .
pzpr > pp2py and p3>psy, Ayip will be
small compared with case p; < pf or p,< p; or
p3 < p;. Because if p; < pl* or pp< p; or

p3 < p;, the model dose not have enough
parameters to fit the signal very well.

Consequently, the procedure for model order
selection consists of computing J(py,p,,p3) for

different orders and selecting the triplet which
correspond to the corner where A.;, drops very

quickly [2]. In practice, several corners can be found
instead of a single corner. In order to select the
correct corners, three arrays are constructed as
follows:

1) Row Ratio Array (RRA): by dividing each
horizontal plan of  J(py,p,,p3) array by the

previous one; i.e.
RRA(iy, iy, i3) = J(iy,ip,13) 1 J (iy = L,ia,i3)

2) Column Ratio Array (CRA): by dividing each

vertical plan of J(py, p,,p3) array by the previous

one; i.e.
CRA(il,iz,i3) = J(il,iz,i3)/J(i1,i2 —1,i3)

3) Layer Ratio Array (LRA): by dividing each
layer of J(py,p,,p3) array by the previous one;

ie.

LRA(i15i23i3):J(il9i23i3)/‘](il9i23i3 _1)

An estimate of p]* is set equal to the row number
(py) that contains the minimum value in the row
ratio array. The number of columns ( p, ) which have
the minimum value in the column ratio array will be
the estimate of p; Finally, the number of layers

(p3) which have the minimum value in the layer

ratio array will be the estimate of p; .

From the proposed results, the following algorithm
for AR order estimation of a 3-D ARMA model is
suggested.

Step 1) Fix the AR order (py, py, p3) over the set

S= [plmin ’plmax Ix [pzmin ’pzmax ] ><[p3min ’p3max ]
, and suppose that is the true order.

Step 2) Compute the matrix R by (9) and
determine its eigenvalues.

Step 3) Evaluate (16) for all values of p;, p,,and
P3-

Step 4) Construct the row, column, and layer ratio
arrays.

Step 5) Choose the minimum value of the row,
column, and layer ratio arrays.

Step 6) An estimate of the true value of pf is set

equal to the row number that contains the minimum
value of the row ratio array. The number of columns
having the minimum value in the column ratio array

will be the estimate of the true value of pz . Finally,
the number of layers which have the minimum value

in the layer ratio array will be the estimate of p; .

3- Numerical Simulations

In this section, two numerical examples are
presented to provide verification of the theoretical
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results. In these examples, input sequence e, ;, ;, is

a Gaussian white noise with zero-mean and variance
one: N(0,1). The data length is Nyx N,y xNj3:
Nl 230, N2 :30, N3 :30

Example 1: The true model is given by

utauty =09V 1y, 088y 11, +0.95yy 1) 111
-0.792 Yh-1-13 ~ 0.855 Yy-1ty,13-1

70'836)/’1 | +07524yt] -Lir-1,3-1

,12*1,[3

+etl, +O'86l1*1,l2*1,l‘3*1

1,13

(17)

This model is a 3-D stable model of AR order
(1,1,1) and MA order (1,1,1).

The data for order determination is collected from
the above model in (17). Using these data and the
algorithm proposed in the end of section (2-2), the
AR order of the ARMA model in (17) can be
determined.

In this example, the fixed-order interval set is
(p1, P2, p3)€[0,3]x[0,3]1x[0,3]. Using row,
column, and layer ratio arrays, the AR order of the
ARMA model in the above example is estimated.
Results are shown in tables 1-3. As can be seen from
the tables, the minimum value of the row, column,
and layer ratio arrays has occurred in p; =1,

pr, =1, and p;=1. Therefore, based on the

proposed algorithm, the true AR order is

(pl ’p2’p3) :(Lls])'

The example is simulated 100 times and it is
checked how often this method choose the correct
AR order. The results obtained with the proposed
method are displayed in table 4. Note, the symbol *
is used in tables to identify the true order of model.

Example 2: In the second example, a 3-D ARMA
model is considered as follows:

Vi =13 V1,6 = 0382534 21, 14
+1.27 D 1.6510 I O
+0.4858 1 51,1, =039V 1y 25
+0.5070 y; 14,24, 01492y, 51, 24,
+113y; 4y a1 14696y, 1) 1oy
+0.4322y, 54 1 14251y 10 1
+1.8656 v 11, 1,61 =0-5489 ¥ 51, 1451
+0.4407 yp 1 24,1 = 05729y 11y 2151
+0.1686 24, 24,1 03120y 1, 1 2
+0.4056 v, 11, 1,2 = 01193y, 54 412
+0.3962 y; 1 1,2 =0.5151y, 14 142

=0.1516 v, 21, 14,2 = 01217y 1, 21,2
+0.1582y; 11y 24,2 +0.0465y, 54 242

+ ell,t2,t3 +1.2 el‘l *2,[2*2,[3*2

(18)

The same procedure as in Example 1 was followed.
The simulation for AR order determination is
performed 100 times using the proposed method.
The results are displayed in table 5. In this example,
the fixed-order interval set is

(1> P2, p3) €[1,5]%[1,5][1,5].

4- Conclusion

In this paper, an effective approach for AR order
determination of 3-D causal, stable and shift-
invariant ARMA models with quarter-plane ROS
was proposed. The proposed method is based on the
minimum eigenvalue (MEV) criterion and the
instrumental variable method that is computationally
more efficient than some methods such as AIC and
MDL criteria. In spite of 3-D AIC criterion and
MDL criterion, this method permits choice of the
true order with high accuracy and without any
parameter estimation. Numerical examples were
given that illustrated the good performance of the
results that can be obtained with this approach.

References

[1] Aksasse, B., Stitou, Y., Berthoumieu, Y., Najim, M.,
2006, “3-D AR model order selection via rank test
procedure”, [EEE Trans. Signal Processing, 54,
2672-2677.

[2] Aksasse, B., Stitou, Y., Berthoumieu, Y., Najim, M.,
2005, “Minimum eigenvalue based 3-D AR model

Journal of Control, Vol.3, No.2, Summer 2009

YA Ol ¢ o leds o dlom ¢J 287 aloma



AR Order Determination of 3-D ARMA Models 31
Based on Minimum Eigenvalue (MEV) Criterion and Instrumental Variable Method
Mahdiye Sadat Sadabadi, Masoud Shafiee

order selection”, 713" Workshop on Statistical
Signal Processing, 431-436.

[3] Digalakis, V. V., Ingle, V., Manolakis, D. G., 1993,
“Three-dimensional linear prediction and its
application to digital angiography”,
Multidimensional Systems and Signal Processing,
4,4,307-329.

[4] Kokaram, A. C., Morris, R. D., Fitzgerald, W.,
Rayner, P. J. W., 1995, “Interpolation of missing
data in image sequences”, IEEE Trans. Image
Process, 4, 1509-1519.

[5] Kwan, H. K., Lui, Y. C., 1989, “Lattice predictive
modeling of 3-D random fields with application to
interframe predictive coding of picture sequences”,
International Journal of Electronics, 66, 489-505.

[6] Szummer, M., Picard, R.W., 1996, “Temporal
texture modeling ”, /EEE International Conference
on Image Processing (ICIP), 3, 823-826,
Lausanne, Switzerland.

[7] Rital, S., Meziane, A., Rziza, M., Aboutajdine, D.,
2002, “Two-dimensional non-Gaussian
autoregressive model order determination”, /EEE
Signal Processing Letter, 9, 426-42.

[8] Aksasse, B., Radouane, L., 1999, “A rank test based
approach to order estimation-Part I: 2-D AR
models application”, [EEE  Trans.  Signal
Processing, 47, 2069-2072.

[9] Aksasse, B., Radouane, L., 1999, “Two-dimensional
autoregressive (2-D AR) model order estimation”,
IEEE Trans. Signal Processing, 47,2072-2077.

[10] Sadabadi, M. S., Shafiee, M., Karrari, M., 2008, “A
new technique for order determination of two-
dimensional ARMA models”, SYSTEMS SCIENCE
Journal, 34, 2, 49-53.

[11] Sadabadi, M. S., Shafiee, M., Karrari, M., October
2007, “Determination of the two-dimensional
ARMA model order using rank test based
approach”, Proceedings of the 16" IEEE
International ~ Conference on  Control  and
Applications (CCA), Singapore, 1156-1160.

[12] Bose, N. K., Multidimensional Systems-Theory and
Applications, Kluwer Academic  Publishers,
Second Edition, 2003.

[13] Mastorakis, N. E., Gonos, I. F., Swamy, M. N. S.,
2003, “Stability of multidimensional systems using
genetic algorithms,” /EEE Trans. Circuits and
Systems I: Fundamental Theory and Applications,
50, 7, 962-965.

[14] Xiao, C. B., Zhang, X. D., Li, Y. D., 1996, “A new
method for AR order determination of an ARMA
process”, IEEE Trans. Signal Processing, 44,
2900-2903.

[15] Séderstrom, T., Stoica, P., 1981, “Comparison of
some instrumental variable methods-consistency
and accuracy aspects”, Automatica, 17, 101-115.

Journal of Control, Vol.3, No.2, Summer 2009 IFAA Bl oY oyle o il ¢J 257 s



AR Order Determination of 3-D ARMA Models 32
Based on Minimum Eigenvalue (MEV) Criterion and Instrumental Variable Method
Mahdiye Sadat Sadabadi, Masoud Shafiee
Table 1: Row Ratio Array (Example 1)
p1
*1 2 3
P2/ p3 73 P2/ p3 P3 p2/p3 P3
0 1 2 3 0 1 2 3 0 1 2 3
0 0.21 | 0.31 | 0.54 | 043 0 0.43 | 0.84 | 0.66 | 0.69 0.84 | 093 | 0.99 | 0.79
1 026 | 0.5 | 0.58 | 0.92 1 0.81 | 093 | 0.57 | 0.45 1 093 | 091 | 0.68 16
e-7
P2 73 057 084 ] 054|038 | P2 [ 2 [105] 059 15 | 22 | P2 [ 2 [075] 094 | 088 | I.16
e-7 e-7
3 0.56 | 0.72 | 045 10 3 1 0.59 | 21 1.23 3 0.91 17 1.16 | 1.31
e-7 e-7 e-7
Table 2: Column Ratio Array (Example 1)
2]
*1 2 3
P/ p3 P3 P/ p3 P3 P/ p3 3
0 1 2 3 0 1 2 3 0 1 2 3
0 035 | 0.37 | 048 | 0.23 0 038 | 042 | 0.51 | 0.92 0 0.78 | 0.83 | 0.82 | 0.83
1 0.44 | 0.58 | 0.52 | 0.50 1 0.81 | 0.71 | 0.48 | 0.38 1 0.77 | 0.72 | 0.67 | 27
e-7
Pr [T 1082065 | 045 033 | PL [ 2 [105]045] 13 | 19 | P [ 2 [073] 073|093 | 120
e-6 e-7
3 092 | 0.64 | 031 67 3 0.84 | 0.46 16 1.37 3 0.89 13 123 | 1.36
e-8 e-7 e-7
Table 3: Layer Ratio Array (Example 1)
p3
*1 2 3
P/ pa P2 pilpy | P2 P/ p2 P2
0 1 2 3 0 1 2 3 0 1 2 3
0 023 | 0.24 | 0.27 | 0.29 0 0.55 | 0.71 | 0.86 | 0.85 1.02 | 0.50 | 09 | 091
1 034 | 045 | 0.40 | 0.37 1 093 | 0.83 | 0.56 | 0.52 1 | 082 | 0.80 | 062 | 20
e-7
P37 T066 [ 052 [022 [022 | PU T2 [073 [o0s1 | 14 | 18 | PU [2 [ 085|062 003|120
e-7 e-7
3 0.73 | 0.51 | 0.28 42 3 0.79 | 0.38 13 1.24 3 | 0.67 15 1.23 | 1.36
e-8 e-7 e-7
Table 4: 3-D AR Order estimation results from 100 simulation runs (Example 1)
AR Order *(1,1,1) 2,1,1) (1,2,1) (1,1,2) 3,1,1)
% 81 16 0 0 3
Table 5: 3-D AR Order estimation results from 100 simulation runs (Example 2)
AR Order *(2,2,2) (2,1,2) (2,2,3) (2,3,2) (3,2,2) (2,3,3) (3,2,3) (3,3,2)
% 88 1 0 2 8 0 0 1
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