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Direct Piecewise Affine Systems: A New Class of Hybrid Systemswith
Affine Dynamics and Regulable Switching Boundaries

Hamed Molla Ahmadian Kaseb, Ali Karimpour and Naser Pariz

Abstract: For many applications, Piece-Wise Affine (PWA) systems are made from
approximation of nonlinear dynamics by affine subsystems. Approximation and non-exact
stability analysis are the main disadvantages of derived PWA system and as a solution, a
new class of hybrid systems are introduced in this article. The proposed class is derived
directly from switched model and without averaging then it is named as Direct PWA
(DPWA). The new hybrid class has affine subsystems and regulable and/or constant
switching boundaries. Many applications such as power electronics and process engineering
can be modeled as proposed class. Some theorems are presented for stability analysisthat are
based on quadratic Lyapunov function. The problem of stability analysis and controller
design is redounded to convex optimization in form of linear matrix inequality. The
proposed model is compared with conventional hybrid models. Proposed model is used for
modeling and stability analysis of a dc-dc resonant power converter.

Keywords: Piece-Wise Affine System, Regulable Switching Boundary, Quadratic Lyapunov
Function, Linear Matrix Inequality.

b ol sl g i o8NS 01,1 383 5l 5 U ST Oladige el o 557 ales elS Ol ta e sl 1L 13 0ukg ok 5


https://dor.isc.ac/dor/20.1001.1.20088345.1391.6.1.3.5
https://joc.kntu.ac.ir/article-1-65-fa.html

[ Downloaded from joc.kntu.ac.ir on 2025-11-17 ]

[ DOR: 20.1001.1.20088345.1391.6.1.3.5]

s BB S5ST (sla e 5 55 ot aeSCals by s (sl 1 (St WIS s 515 a5 (1455 (Sla e YY

kﬂ,p\i})xﬁ;&‘w‘foliw\w\w.hb

S Gosb a4 il b s b sl s S i)
Sos G Ol 5 iy (55085 4 s &1l sl gy 3l 6ok
Sl 55 by nl e (leosly SIS 5 e 53 51
Do el s 8 o) p0

S5l S ey b ula LSLAW a8 slazws SLS
odd 03,8 4 SLS o3ls bm ,a aalsl j3 Al e s St
SIS I 53 B Osy s oiph g e slate (o
okd 0303 DL gt 0l (Sok oy 1LY S8 55 S e
354 LgT laeSalys 4 (54,5 Jlesl el s pl Ll

fi-——-——"—"F"F"F"7"7""7=—=7—/=—/=== L
ul »{ .
| x=Ax+hb +Bu y
. Switchign y=Cx
| Table
| A.b |
e e e e e e e e e e |
()
|
f >
| Switching i Switchign
| Law Table
| ] [ ] A.b
|
.
()
discrete discrete
mnputs, outputs, i
e o
N Automaton
5 ‘ l 8o
AD D/A
Interface Interface
xt.I ‘ Zi
Continuous €
> System | >
continupus ———————— continuous
inputs, U, outputs, Y
(&)
(& SLS (ol s o (lapnm Jglitie (gla W3S STk o 1) ST
MLD 2 (2 PWA 2

OISl € oIS ) i o (eiyans "1 S5 65701 s ¢ 5
23 3 1 3l I 5 eSalys b e 33 G5ldbe
o SOl AL oS eslaal J;'G Lnﬁ)lf 3ol 8l 4
s 555 2 VP55 5 0ts GLIY] 55 4S5y, S 4

Wl o3 & (ilosly &y 08 K5 p STl sl
b sl b plad e 5 Sl s slaeSalys ¢lbls PWA (3
o Sk oy Ll 85 515 g 3500 [V-F] 3 5 AL
33 2 53 PWA 58 .l s 3ls Olas oY S 55 (e
3,18 sy W] (poizes) 5 05 5 [V AT (o oE s

2 513 sh 4 et (Sl 3 815 eslinal 3 50 Gl

4 Autonomous
5 Non-autonomous

dodo -

s &8 dzea e 51 ol lazes b puls Slagtow
discrete-) w8 sladeliy 5 und b wsm-0bj glaeSalys
SOBE soldae 6 W s S (py awd S o (event
0 g g e S B3 LT 51 (5t 5 0351 s ln (S g
3DV 0y &Sy S o) il o (Affine) Lo e L s
93 e Jolas SISl r W ol 1 ol e [Y] 0T 5 J 287
g G639, (a8 L g 0le ) ¢Sl s g5 Bt oyl
g3 Al e ST I 5 Ll sla ite (535 2 358 ¢ silate
o (a5 oy jmls Calises 5la oS (s S5 5 ol ol

(3ldie s 0 2K o el p gty s Sos oE s
s 53 el (nl 5 ABL o oS ST b 5 (ool o
T e JS sl oS sl oks - e s b5 S
S b ge 6555 S 4 b pls b e & 4 s ipE
);,au#¢ﬂwcﬂ6u¢@g;;\ Lyl s ol ys .l
S SLad uoman 350 oo walS (oIl o S35 ) e
FEe S odd 8 b g (s 3550 53 Sl GlaeiS” J xS
o b AT b ol ) Jeol s game 5k 4 [V
Jie ol 2 (1l 5 Jelos ol (o o cad ol (lapinn 25 039
P30S g 03y S et b g ooy (oS (5,8 Ja 0 ot b
o eslizal Cl o o ) eslinel alis ol U agrlse
1 Bt ool Jdond ¢ 5t 5 e 58 (sla,l 5l 5 eslinul Ol as
b alsly &S 587 Sl aks (131 4 ol 0330 pina Lol 3557 s oal 3
"3 o 15,5 S (Y o Ol oo 5 Slalezel |
) sl calian Cpl b agarln S b, il Liay ool le
ki (S b g Jhe 5y PWAY) b s (eSS oy s
S il gl o (b s e eyl il e e
5 @lde gl o s oyl s [VoF] ol Bl o Lt
@8 515 eslizal 3 g0 [V0-A] ol oSG S sladie J 28
Jdoss oz dﬂfbﬂwj‘ PWA Jute ol ezl s 4 oo
S g SESalys S Iy 05y &5 S by sl
238 o o 53 o il e e ol a5 bl e

T 5 A e SLapmn (5555 1 s o3lizal p g3 o6 s
32008 5 5 dslitie (Gl ST bl o (6,8 Jan 20 oy 5 D9y 0555
St eSKaalys 5 [V-F] PWA (1¥ 1] SLS) s o5 g g
Jde ol 0 &)1 piimes bow g [V0-VF] (MLD") ot S5
o 5 85,5 o a5 53 5515 e Sty s is) a1 ol
ol Sl eslizal St .l 383 5 55 IS T L e L

! Piece-Wise Affine
2 Switched Linear System
% Mixed Logical Dynamical

Journal of Control, Vol. 6, No. 1, Soring 2012

I Sl o) oyled F Al oJ 28 dloes


https://dor.isc.ac/dor/20.1001.1.20088345.1391.6.1.3.5
https://joc.kntu.ac.ir/article-1-65-fa.html

[ Downloaded from joc.kntu.ac.ir on 2025-11-17 ]

[ DOR: 20.1001.1.20088345.1391.6.1.3.5]

Al ol BB S5 (sl e 5 55 e SaeSialy s b s (gla s ST il oS s 15 s (61T (Sl

_ﬂﬂﬁb})ﬁﬁ;&gwl{uhwlwiﬁb

Direct Piece-Wise Affine | it jU5 Jos (IS5 gt
b (DPWA)

3y s il Sl iy ol edes Cuje
dglin 53 il o SIS s PWA (6la oS 4 o as (slaptu
39,8 (.:.Z.zu.a Gl Ol $olgiy OIS MLD S L
J.:J(J:lajjd)u.la olf.li.:)'\) QT;% L}j} ))Ué ‘)&;ﬂa}w
(Affine) ;L5 L= Gl 25 S15 (53lgidn ol WISl
3yl Cal Sl dmis js Sl V:h‘: JB 55 gl e
sladnT s 5 Oyl oS S ladin dhar 1 (ol 63,20
Gilde (oolgiy pA 02 Ul )y T S Wyls 35 oland
ﬁl)fw%é‘fowdﬁf\k}é)‘%hwbJ}w
DPWA NS ol S gl gLLaS gy cpl 5l g es s Coeal b
RV PR 43‘)‘

SLS gl Clm gla pize Cand s olul 5 Jleb (e 5 S
alie g ke, Lol b ol o J.Al;- (s el o 51,1 [YA=Y ] s
sligh b Jale Ll 5 ol 53 das 0 55 1) DPWA s oS
gy oo s B (G3IST e sla el (b SOl
gradient-descent e & o 4 (G3US & s sla )l
@olgtia oo bods IS e s [YV] Sl 03 5 s
b Glulbn Jo oy hls 5 o0 (S5IS S Hb s ome
oo 4 D8 s S Jie &S (YY) 53 sl o W Sy
)Jau\fhﬁ‘)‘é,ﬂfd:}).wleQA;Jﬂg;‘wsujJnJ}'ﬁf
il g 3ty DPWA (o 1 ol i [YY-1Y]

S gt WIS @11 1Y s le dlie ol Lol slas 5T s
S Y by BB S5 sl bl et
Sl il SIS 056 (b 5 ol Mo S olaanis
b s ol e Lails; Ol ¥ ol e e ST (6l
Pl 5 K 4 dlae LMI £ 03 Sle sl S5AST 0 56
aallos Cgr 5L 350 LA 5 Cuol Y i )3 Ll eld
Alas ol eolgiin WISTY (ide 55 Gl ol &)l iy sla i
J:.lzu" e oz_lihaﬁ ¥ u:ou BE RGO P ‘Gb‘ DPWA -
O Glaslde O i3 53 Gl ol Ol (ool WIS L0 L
Jdes &5 23w 53 .Sl 0 Ly DPWA 5 Calises gla oS
odd (ildite golgiin WIS 55 iy, de-de oy oS S
V i 5 Bl 5 48 8 15 1 3590 0k 4| (sLLias oSUS 4
.@‘a%:;ﬂb‘d&;é;%ﬁ

Bdiso) o 9 AW Y

adlas g L 3hpe slaaie) e 5 sl e ol

Sl 0l &1yl (gdm gl and

s S sladibie o 55k sl (S5 8,8 a5l 5058 0l
FB e oal 03 68 b o B Osk S Loy 3y D
el Ll (6l e 4 e L s ol 53 (S5IST iz (G5l
LU 5 des 4 dgene 55b 4 PWA Glagnn )l Jlos
bt o2l o0 SIS Y 3,8 o s (MLFY) 68
il 0l gy 5 [F] 55 58

St s 4 Salys 5 il sl S5 LMLD ()
35 s ildde U1 5 e 1) e 6o S35 40
O s ol (STsb o 0m) S s Ll 1) b
PR S P P N NV R 5 RGN PR PN
Jlow 5 oS J 28 b atas s 3L Sty s S
FB 0T Gl s 5 (b dseme o tss 5 Ll oL
AL as 03lizal

(o oiph e (18 R (o (a1 (6 505 4
St 3 3,8 5 IS G Bl e e S5 056 L
ST 056 L ot eisd s Glapten OIS (e oy ule
al Oy Sy S sladis il o ilate (39,5 4 Lo
S oibais die 5wt gl (L5 Coandy )3 Sy 5 SL O
IS (b 5 ol ot ds LBl or bagzic a1 (s 500
el ks 151 DAL 53 LM g3 4y i 550 oS (g1 0

Lds 5l ey 4w b &y &S 2SI cladie (g5ldite 53
S5 Bl e slaeSials 5 sl B3 o st arls
3,8 s Sy Ll dmio 3 Sub sla e elel L GSlS
1 adion cxl (g8 s & B ol (811 0k S1 lab (sladote
bl T e ol e 4 53 5 ST e e
b 8 3 e edalin Bty Sl amio Jlowi | il e
st IS e Dlakie o 4 amle odisd JES 62955
e g 053 ST (63555 ek Wb 51 K05 (Sl 53 Cpomen
L mle (e Sl e 5o 555 SIS b5 e Sl e
5 b 5D S5 SIS e s Sl ke Gl 5 glils &S
S lams Gy adgl ol by o B0 4 ol cal (b L6
L g il adls 1) oy s opl g5ldute U155 a8 b s (o g
el 0 1,1 [14] s 08 ey 6

bl & gt Jgann s5b 4 s S oL RERCP I
s S5 b (6,8 Lo (5555 S8 4 LBl 0kipd S se
allls (sla oy 5 S st e e odisd e gf bt 8
Piece-Wise ) ;L5 o 1S5 o i S oslizal Jost & (lapins
N oslial Oy 5 s ysb 4 Glgidy OIS ABL (Affine

0T 55 cal 3 el Tion s & oiph g g oo 31 (S Lo e

! Multiple Lyapunov Function

Journal of Control, Vol. 6, No. 1, Spring 2012

ANl o) oyl o8 o ¢S e


https://dor.isc.ac/dor/20.1001.1.20088345.1391.6.1.3.5
https://joc.kntu.ac.ir/article-1-65-fa.html

[ Downloaded from joc.kntu.ac.ir on 2025-11-17 ]

[ DOR: 20.1001.1.20088345.1391.6.1.3.5]

s BB S5IST (sla s 5 5l e laeSals by e (slaptnms ST st oIS tedits H5 st (614G (slapts ¥

_ﬂﬂﬁb})ﬁﬁ;&gwl{uhwlwiﬁb

B
Q =N{xeR'| hx-g; <0 ™)

i i-1
i n TgT
Q ZDl{XE R'| X'Hjx-g; <0} (F)

el e okiS o glajse sl P dalsy ol s S
e b e e bl Sl Hy 5505 hy JIS1 G
oIS 55 0kish J S (03555 025 gm0y (V) dlasly 53 8 5 b0les
53 bl 358 g0 315 e $Salts 55 s 55 4 slaze PWA
Sy $Salys 53 polies sk 4 G355 w3ty SIS 35
oIS aalsl 53 s gi e Al SIS e 5 s 50 s 25 g
o F e i ) 5 e

SOl Wi W (B a0 T
I 33 3 b mle Slapt pand I 3l WIS
W 4 Bt (sBL) Cio 505 0 o8B S5AIST
X(t) = Ax(@)+Db,if : xeQ,
{y(t) =Cx(t)

bz 68515 4l ool Ly Jlb ot 5 0jled oS AL oo

®)

Q)}.psgflﬁid-_\v}i.nfdumdb
n R
Q =N{xeR| (] +A)x-g, <0} )
j=1
sk L (il

Qizﬁ{XeR"| X(H{ +H])x-g; <0} @
5 B e Oy kil onl os b sl 15 Gl
JBot e Hy Gy s BB i3 By eSS
JE e HAij 35, )02 e BB i ﬁj S o sl plas
Lo (5 Hy b Iy s b sl e e e s
5 e B s o) b tils Jglize PWA i 53 U (03555
4 oo S e Cro g shls 4l a0 (V) 5 (9) s G,

Qi _ {X cR" | Hipolyhedraj,c TX_ gipolyhedral,c < 0} )

Qi — {XE Rn | XTHieIIipsoidaI,c TX_ gidlipsoidal,c < 0} (q)

whyy a alpy gelel < daly, ol &S

L L
Hlanpsoidaj,c:[Hll_,_Hl*l H,+H, .. H,R+H,*RJ

5 Ellipsoidal

[T Py 2(‘411): 4wl Gl W
L Y=Y Y e Yol X =6 % x T
4105 Galeal D)o ol 53 K s Y s X i ol
Db R g5 Do a ald e
alie b 4. 1<TSN 2y X <Y S 51 X<Y
b X =Y 5 XSY (6l glagsslust

T L A s 5%
Vi,j 8 >0 .8 puntent, A=[a ],i,j=1...n
By S o e e il b 4
L
NI U A NS Az[aﬁ] i,j=1..n
oT asls ol l,— A>0 s, VXeR", X' Ax>0
P R 5 e e e e wlie sb 4 L e eslind
4 &SI s bl sl (el ) £ &
“ose
x(t) = f(x(t),i(t),u(t))
y(t) = g(x(t),i(t), u(t)) Y
i) =] (x(0),i(t),u(t),s(t))
YY) eR ety ol oL Y] dmes O G
i« XD eR i) eR ut)eR s(t) e{0,1"™
(e 25 ool e gy ($3555 (A $39,5 D10 (s P R

s 1 €{12.,M} 5 S=[8 5 .o, |
bt 2 3 5 At @295 M w5 3 M5 M
S el 3 o 3 b Sla s S (65 ST G sl e
ST B A ede 5o s p 250 Sl e STl
e 3530 93 e g ol B> S35 93 Jgeme 5 sb 4 led e
a5 Ll g e e gla
55 PWA L3S 2l ooy (PWA 2)-0 iy
1) 4 IS I
Xx=Ax+Bu+hb, if:xeQ,
{ y=Cx

()

d{{ L@;T A€ goes 9 03l &g.ii \)J.]éa' Sy f‘}a Qi 4{4.&\;@
NGOG | P W I g
Az S 55 50 4 PWA lagne Q ~s g5 el
. ¥
R Cose d o 4 s s V7] Tl 5 [VF] T s

13 8 o o5

! Element-wise inequality
2 Positive Matrix

3 Positive Definite Matrix
4 Polyhedral

Journal of Control, Vol. 6, No. 1, Spring 2012

ANl o) oyl o8 o ¢S e


https://dor.isc.ac/dor/20.1001.1.20088345.1391.6.1.3.5
https://joc.kntu.ac.ir/article-1-65-fa.html

[ Downloaded from joc.kntu.ac.ir on 2025-11-17 ]

[ DOR: 20.1001.1.20088345.1391.6.1.3.5]

|

A'P+PA +a,P+HAH,
b'P+q'A +a,q" — g AH,

Yo ol BB S5 (sl e 5 55 e SaeSialy s b s (gla s ST il oS s 15 s (61T (Sl

ﬁﬂﬁb})ﬁﬁ;&gwguhwlwiﬁb

wtr stz sl LDPWA o gl Y-F
o (g5 i 5150 L DPWA s (o)1) -) 4pid
=t Sl oslome (5l (S1H15 (F) 5 (0) OVl Lol Cavo 5
s 3 et 3 il Ol sl 55 sl LMI Jfl il
e A 03 @ San 5 S oS asdle 5 sy )1
NGy PPN O X
P q
. >0,P>0 )
q r

~AP-PA-aP -Ph-Aq-aq F Al

_bTP_qTA _aiqT _Zth_air _guT _gT >0
H, -5 wooo | O
H, -, 0 W

W >0

slaw P elgds oot J @, >0 (1Y) 5 (V) Ly, s
Pe Rnxn,qe Rn,l‘eR L(:‘—i S oS Ao $ ‘_;\A)JA

W e e 0l s il W€ RPP (g 5luags gl e

1
T _nn
gm] eld™ i uwjb

H, e R?"

s Gi:[l 91 G
oo w Db ep

aste H=[0 howhy heh, oohoen T

Slp 23 LU wl (sl 5L DU sl - 4B DL

Soledlg i

5 e o5
V(X) = X" Px+2q" x+r Y

ob S 4 Bl e St Ol b S P
o:y.&-’-wdt,kic\:o:ﬁ@@l,;_;)b;ﬁ%hd}édw
38 gl San £ 5 1 (V) GBLW o 5,8 ) 0T Gt

Al Q

XeQ, :%V(x)<—aiV(x) S\

daly S Sl XEQ 500 53 [0] Gb

T T T TT —
X'[ ATAH -ATAG X, o)
1 [-(H'ATG)T g'Ag |2

P A OO o] Y S S P g
7 * * « 7

s H=[0 hth h+h, o by R
— T
rosesbiia G =18, g, - G

S8 4 T G 03 e b2y (1) dlaly )15, by
25y 6,05, (YO-YF] S-procedure 5 (\f) i Cawos

P T _gTA A/
b+ Aaraq-HAG }0 a0
Ayg+a;r+g AG

dolae ol gipolyhedral,c:giellipsoidal.c =[9.1 9 - O ]T
DPWA (e &5 dl(N) 0T Jslae o 5 1) (9) slas ol o0 (8)
L) (V) dobes U ol jan (8) Wslre calie Hsb & dib o g s
L3 5l Asb e s sae DPWA (oo Sl 0T dslas Cano s
DPWA (3 5 il LB B3 bapim 51 6ok 93,058
o4 Sxdz DPWA o 3 luly o s Al on g sbr
IS Al or e LU B Lm0 G 5 s @ (5l
S Jsans PWA (olaoz & <o DPWA oy ils slagiece
S 5 sl bl SIS b sl e sl 4 s Sl
Lyuls WO Skl ¥ S ps il e e 5 Sl S ST
33 SLI3 e 45 ol LIl (g ol 0 03l DL (solgiiy
SLdd jaras oo (ol B lagi ) slla 5 03y Sl e
old e:l:QLﬁVJQ)JLW@\SJa& b e sl a Sl
Ol ((1,b) e 5 (S13) Cub 58 5,m 5 K5 ol 55
odd 033 Ol ks Sy 4 &S b e i L LLledd enls
33,8 (oo ol p Sl (sl pize 28 OISl el

b ks e ) s s P =Lby =0 siu &S
il o DPWA o 1 ol b ) (2540 e ouiiS” J 8

Solgiany W Solnl £

LDPWA (slapis (6ol (s S (2Ll 23w o) 5o
Sy > A g J{lé-ugl.g;.w‘ ol Sl S gl 5 gy L Slaj e

Gl gy Sl odd &l Ly, O3y Odeee (ool LS

|

H :—»[ svﬂﬁfm Hsffb?f '
L
|

DPWA & uls L3S sl (o Y S8

. X=AX+h
~

RN X=Ax+b

/
/
/
(71T 17ae sl aebestel)
oL g e

/ X= AX+ bz\\\\

sl s U8 9 SN2 350
(ol 555 (Fiauls dbwy Jole)

ey B 25 0 b Conds 5 (g iy DPWA oty S5
S amto 5y Sl (gl e

! gliding Mode Control

Journal of Control, Vol. 6, No. 1, Spring 2012

ANl o) oyl o8 o ¢S e


https://dor.isc.ac/dor/20.1001.1.20088345.1391.6.1.3.5
https://joc.kntu.ac.ir/article-1-65-fa.html

[ Downloaded from joc.kntu.ac.ir on 2025-11-17 ]

[ DOR: 20.1001.1.20088345.1391.6.1.3.5]

s BB S5IST (sla s 5 5l e laeSals by e (slaptnms ST st oIS tedits H5 st (614G (slapts \i4

_ﬂﬂﬁb})ﬁﬁ;&gwl{uhwlwiﬁb

im0 LDPWA o )l Y-F

s (G sen sbj,» L DPWA e Sl Y duad
Slils (V) 53 edd Laie g 5 (0) OV¥olee b odd Lo g
() 5000 Ly, gl LMI BV sl o (5,0l o Sl 100
2o p5 dalsy ol hp Soge 5 el o L Ol ol
el B a3 e 5 L e

A'P+PA+a,P Pb+A'g+aq
b'"P+q'A +a,q’ 20'q+a,r

_iq{H“H; 0 }0
j=1 0 _gij
Glaie sl Poclgds b S a; >0 G Ly, s
0<q; s PeR™,qeRreR jp-i jtwens Cawy
AL e Glatg Rk
() GBLY ol e ol Ul gl =Y 4l DL
St 5 0ol il S P as S 8 5 s Gl
e b3 6ol 3 b V) LU Wb (Ko 4 a5 el e
Sl OT Grie 039 (e 5 (Vo) dlaly 6515 bW b 03

ol ) abail

{ ATP+PA+a,P Ph+A'g+aq

0,if : xeQ, (Yy)
b'P+q'A +a,q°  20'q+a;r :‘< hexesh

el S5 5 el KT WELX € Q) &S g0 53 iomen

P x|'[H +H 0 [[x
D a v <0 (v
j=1 1 0 _gij 1

S5 (YY) Lt o5 &S il e Q) > 0yl ol 3 &
55 0 Ol 3 Sy se 4 (YY) b s Yo-YF] procedure

A'P+PA+a,P Ph+A'g+a.q
b'"P+q'A +a,q"  20'q+a;r

i H,+H; O
—qu 0 <0
j=1

(Yv)

g,
Gl i poogdle G Lilss Ul fp Sose 03 el
23l Ay Ay e a3 o Ses 5 S sl 0L Ol 5 o
b bl 8> 0 Syl ar g b S e Sl L e
2o g M 3ph e 5 55 e SWslas 3 5 0y
@b Sl & g Ll e ol Dl B ol
I b e 03,57 5 1y G bl s R ples (sl o asls CaibY
Sl (ol e S50
Slekisd J,S" (65955 slyls st DPWA e R gve]
@ e ) S So5e 3 50 AL SIS e 0 &S AL e
U, ot e 355 S 55 DPWA (o oS, iy

1l g 550 BB 5 Dy 4 (VF) (gslasls

T~ _ 7 - _
X 'ji _gi Ai 0 |__|i _gi X >0 (%)
1 Hi _gi 0 Ai Hi _gi 1
By o 53 3 e 4 (10) dal; ((19) daly S

A'P+PA+a,P Ph+Ag+aq
b'"P+q'A +a,q"  20'q+ar

— T —
H -G A O -
_ _I gl 1 |__|| gl >0
Hi -9 0 A Hi -9
‘ﬂﬁgﬁ)swcﬂ,ialjl\;l}ﬁj%wjimb/\i 5 aalsl s
1355 0 a3 3 g8 daly 51 [YV]SChur complement 4 L

%)

-A'P-PA-a,P -Pb-A'g-a,q H' H
-b'P-q'A -a,q”  -2g-ar -g' -G’
-g AL
-0,

I T

0
23 LMI 53 sl e 035 sl sl e Ay =W e L Js

-A'P-PA-aP -Ph-Ag-ag H' H'
-b'P-q'A -aq"  -27q-ar -g -g
H, -5 W

0
H -G 0 W

>0, W >0 (4)

bl 8 Sl s b S e b bl e e
J{Uw(':‘“-“"n 34 w8 L s St SV¥slae s g eny
Eb Sl 4 a5 b il e 5 Sle ML 1> LY ol
I e 03557 15 G s RT plas (sl os asls il
Sl (6 il (5 HILL

Gl ly el 0l 518, b 035 55T 4 a5 L2V &GS
Caltbes palie w3 A p 5K S 5 5 ge5 |l OT Ciltbes alis
Cr e L ot o7 3591 Cows 4 |l axds & s ol
.Azﬁf‘_}.;l;-dgu&b&a
L) el Wil (o 8 jole 05p i 5 el
sl Ol JELMI Lyl LI6 s 1 bos s (W >0

mlé.'.?J{Gdhjfé‘)léDPWAMSL;)y)::i43.3
cn 53338 o Jds [F] )3 e)lal 5,5 PWA (s 4 AL
il 287 J 55 PWA (o ()10 il shie ) 402

“t 02 D DPWA o (5l o (5 ) 42510 AT
il hde X O bl I oes ol 457 il 5 55l

T .. C -

(7] V(X) = (X=Xg ) P(X=Xg) bl ol 5l sl
oS (o 5 (Sl jus e ) M)Aﬁsa)l?p@lin;uu:ﬁl
Cose 4 ke Ll ol s Gl Al
A “jjfjmﬁ Pew =P, q‘BN:_PTXrG!’rI’\eN:X;rdPer

Journal of Control, Vol. 6, No. 1, Spring 2012

ANl o) oyl o8 o ¢S e


https://dor.isc.ac/dor/20.1001.1.20088345.1391.6.1.3.5
https://joc.kntu.ac.ir/article-1-65-fa.html

[ Downloaded from joc.kntu.ac.ir on 2025-11-17 ]

[ DOR: 20.1001.1.20088345.1391.6.1.3.5]

A ol BB S5 (sl e 5 55 e SaeSialy s b s (gla s ST il oS s 15 s (61T (Sl

ﬁﬂﬁb})ﬁﬁ;&gwguhwlwiﬁb

e la Calites (Sla WdIS” 4 lae 1) J g

o 3ot 7 gt
4 dde o _
DPWA | MLD PWA | SIS & s
$290 -
ke
S| b e Sk | Saly>
T
syl syl 3yl syl FYIRY Jti.w
ey
NRCEE
3,5 3,5 Syl 3,5 ESIRY
Sl sl i
FyiRY 3ls 3,ls FyiRY syl | ik 6358
Ry
3,ls 3,ls 3yls 3,ls 5,1 _
Ols 55
. bS58
3,ls 3,ls 3yls 5,1 3,ls _
Ols 55
™ L ) odomy ™ ™ LS)‘“\‘_li J:l>u"

Cowl ol 0305 QLA F J{,z 23 G eiliniy Jdee dgl ‘sg’;l‘“‘:‘

Q)yQQToMWjL#ﬁbebw;

dx, 1 .

= TV X —Sign()( + 2V,
,se{-10,1 (Y¥)
D Loy ®e_LiyX

&~y e (| R

Vil Vg LIRS X0 %0, X dasly pl 55 o8 (V4] il 0

Sy o mlisnsy b O3l SWs eCike b S Ale oS5 4
(8399 C...a ok (I o glae ‘gah;ﬁ 83503 o
uojs l; ML'&;“ S V.:.::;....a jL-.S} ity 9 oy J.:Lu C,.Aju.ﬁ
Zﬂjsﬁ))y@&b‘_;:j)}@jﬁj Xe R3
+1 Kx+m>g
s=40 —-g<Kx+m<g (Yo)
-1 Kx+m<-g
Wl g 35 BB 25 D g 4 (YF) el
X(t)=Ax(t)+b,
y(t)=Cx(t)
,If :XEQi :{Xl Hipolyhedral,c Tx_gipolyhedraj,c -<O}
i=12...,6

(Y%)

3 Aleds Cm o Y dede ys G daly gl Sb
$baj UDPWA i & (Y9) aaly ol C=[0 0 1]
Silwand 55 oslizal 3yge sl eyl das e il |y sk
O anzb Sl eslizal bl ok Olo ¥ Jsd 5o T (o a5 b ol e

lyhedral, . .
HPHES o dee jestle p3 ) M5 K o1 b sla )l

G L Ks Ok 4 sy Ml sy DPWA o
L ie 5 a5 sl e 25 Gl I:ij =Cz
0 0l &S 258 sl (08 (P) el 55 (ten oS J 287
A5l r (5 3 DPWA o o Sl
Jolaie oy el sl WM L DPWA 4w lis -0
gt Jaldze o WIS Lo b yme OIS 23wy ol 5o
S 5sb Oler 3580 03 ) sl 53 OT 5 5 ok dglie oy s
T O 3008 1 Slap b ol ST 55 0 03 ) sokr 3
ol S cal ) MLD 5 ke (6555l 4 A st odigd
Sl stk ol pd 1S (6595 9 4t s S (Gla ate (glHls Ladde
JAST b 5 ol Jdos (S o i ) &8 sl
“ot LIS ol sl oS ST b st 400 8 e eiS
S S Sl O Slodemy ilwang Llp) 5 Sl
oW OB abi flas s .njf oslazwl [YA] MIQPh) e Sl
(sl gn s 5 £ 5 G5l La it 40n) O3 (Sen 53 (S3lgiy
W«liwaJ_\S‘wlwa.\jﬁdjzfés})j}\ﬂbéuﬂ
Sy IS 1y oS SRS b s sl e Sl
gy ($3355 G5 ) s 3 e 3550 e den 33 8 e
ESalys 53 wwgy (63555 Jalize Sl WS 4en 3550 53 Sl
DPWA Jus ,5 8 b 5 355 o 5,05 (s 53k 4 ke
S 03 5 ekl 3y it 5b 4 Jie $SCalts )3 wagy ©35)5
i S5 sl Tale sl WIS 0 8 e o)l S
©3505~ Il a4 Ade st 0k sh S g 0t b gyl 55 AL
U & lyls PWA e Lol ol 4o Jad= s b
b e ST e ) 53 15 b 0 S
0> £ Wl 5308l 3,8 oo Do o iin 5,57 1 3
Ols s 5sy 93 4 54 DPWA o 3590 53 el Ll
2PWA o ln 0T 013 S8 g5 s o0 (53,5 015 S35 U
ST ol o bg s 5 dason (695 b ite (6,5 )3 b o
Sl (63,00 s 53,8 e Do SIS S i s 4
2R 2930 e Lotle & dlsly G Jsulr Lo WS | S
s g dedlas gildue Q’);*ﬁ‘:ﬂ_(ﬁ@)@‘)l yls
G YU 3ldde S35 glyls IS I 53 DPWA Jue 5,8
s Sl i 55 0T Sdomy Js 3L s SLS 5 PWA &
S oy Gls MLD 5 ke (st 058 ol s 0 o (o0lgiig
Cydgiome & e o,)l8 pdm 2550 53 (s A3l S
338 o0 @3ldte 55 5 Bl (g5ldute

O 38 G059 w1 oo &0 (60550 dxlllae -1

==69)ydc-dc

! Mixed Integer Quadratic Programming

Journal of Control, Vol. 6, No. 1, Spring 2012

ANl o) oyl o8 o ¢S e


https://dor.isc.ac/dor/20.1001.1.20088345.1391.6.1.3.5
https://joc.kntu.ac.ir/article-1-65-fa.html

[ Downloaded from joc.kntu.ac.ir on 2025-11-17 ]

[ DOR: 20.1001.1.20088345.1391.6.1.3.5]

s BB S5ST (sla ) 5 5l e SlaeSalys by ol (slapions S| (Sl WIS s 55 ot (61T (slaptann YA

Tes L L] Ty,
L L L L' -1 0 O 0
é 0 0 0 -K g+m Y
0
1 0 1 K g-m
CO CUR,
Toss -1 = ] 7Vg 72\/' - -
L L L ('; -1 0 0 0
1
2 o 0 00 0 r
1 0 -1 L K _—g —m_
C, C,R]
e 11T Py _ - q
L L L 2 +L ! 1 0 0 0
é 0 0 0 -K -g+m f
4, Al ° 0 0 0 0
C, CoR | - -
T -1 1
Loss -+ = .
L L L T' -1 0 0 0
é 0 0 -K g+m o
;1 o -1 0 K g-m
C, C,R]
hew -1 1 TV +2v, ]
L L L L -1 00 0
L 0 000 0 >
c 0 0
;1 0 ;1 J K —-g-m
C, CR|
L@JT;}.:)lsJ}djLndri):uLé;w‘ 3590 o el ¥ J g
ldie byl $lis
560nF 6 03 C
14.7mH b ol L
47nF oA AR O C,
48v a4 5l Vv,
20v o S Vv,
2p x100KHZ | 508 ol asly i85 w,
2p x5AKHz | o=bsio sl ety 8% w,
60 T el R
1.25v sy ‘.._.E:M)'”U} Vi
0.76Q2 U Jdne Zueglia I oss
state plane (><1 —xz) -

spefe e B g
.

s adild B yul 3 (SIS X
( (&3l sl )

4 LB 5500 Jds sl X — X, Wﬁdbﬂﬁ}ﬁa})b}d:bp

Ci )4:."-15_,&):dlaér.:.w.:.ajlja)l.uija-&:tf\jbjf‘k;ujfalﬁh

| | L

— X Ie— 2

L L + + % - X i +
G RS

@) Vv, ="3x

b 4-19){]4 LMI J> L ...\}3;6» 6,\)1, (-U)b )‘;5 gimlyhedraj,c 5
25 4n5 MATLAB 131 ¢ i Robust Control i asm oSS

il o3 5 ol
K= [1 —-0.899 0], m=0.7674,g=0 (Yv)

Coge w LME Lty Gle sla 2l 5 55l aig Sla ke (e
Z-U‘AJ.AT Cwd 4 j,'.)
0935 0.030 -0.135 -0.0074
P=10""| 0.030 1.487 -0.160|;q=10""|-0.3698
-0.135 -0.160 5.153 0.0339
28181 -0.7654 -0.7459

W =10%| -0.7654 28521 —0.7656
—-0.7459 -0.7656 2.8182

(YA)

i )3 o s ppis B E Dy po Sileant el

ok 031> 0L O IS8 55 0dd b 5 15 e ol en 4 X — X,

u:uf:):}ou\..:M?U)ng-qdb-dw‘)ﬁalp.@l
b b ot 5 Sl 1SS

S5 o Y
Uy & Wbl S gt Sl s NS e ol s
A3 G s 1y e S 3l gy 43 (S5lde
38 Sln 5 st o 53 52 Golgdy PSS e s
LMI gslaw = plol 5 ool o Cgm (glands Sl a6l
Joldze sla oIS U (oalgiiy oS duslin b .ol o3 S il
gaie $lghy O Gl B 5 Ll bl slaptes
5 o e (ol o s 58 oSGy S Jue K s S
035 SIS PWA LS & o (ol oIS 03 5 (55leas
Al 1313 1) e gt 315 55 5wt s3Ldbe U5 5
Loy oolgiy S sy p KNS slaodiST J S ean
Al o g1 5 G Jl 3 OB i 5
X c

— !
I — X
— —

G iz, AC-0C o5 oS5y SN Juks :F IS

K=lk ke K] cum b (9) daly 0aS G g (sla s 5l Y st

H polyhedral ,c polyhedral ,c UL“:
A ! j gi L
(20

Thos 1 21Ty -y

L L L . : -1 0 0 0

é 0 0 -K —g+m |
1, 0 0 0 0 0

G, C,R

Journal of Control, Vol. 6, No. 1, Spring 2012

WY Sle ) ojled ¢ W (J ST alos


https://dor.isc.ac/dor/20.1001.1.20088345.1391.6.1.3.5
https://joc.kntu.ac.ir/article-1-65-fa.html

[ Downloaded from joc.kntu.ac.ir on 2025-11-17 ]

[ DOR: 20.1001.1.20088345.1391.6.1.3.5]

¥4 ol BB S5 (sl e 5 55 e SaeSialy s b s (gla s ST il oS s 15 s (61T (Sl

_ﬂﬂﬂb})ﬁﬁ;&gwl{uhwlwhb

Transaction on Automatic Control, vol. 47, no.12, pp.
1974-1985.

JaS™ A Cigenl 0 8 s S g Obdaxl e - V7]
5 Ll gt 558 S Sl Sy S gladie
Wlpl Gy obige Sl AS rasdans (ST g 51

Olgiol Olgiol gnis oK sils
[17] B. D. Schutter and T.J.J. van den Boom, 2004,

“MPC for continuous piecewise-affine systems”,
Systems & Control Letters, vol. 52, no. 3, pp. 179-192.

5 bl " A G O s s S g Obdexl S = [VA]
— Il 4 e G5AAST OSB L e s e g o lapten IS
does & st e Sl Sl e oS s 1l (63555

X2V o oF o)l O Al | SSN 2008-8345 J =5

[19] H. MollaAhmadian, A. Karimpour, N. Pariz, F.
Tahami, 2012, “Hybrid Modeling of dc-dc series
resonant converter: direct piecewise affine approach”,
|EEE Trans. Of Circuit and System I: regular papers, in
press

[20] A. Schild, J. Lunze, 2008, “Switching Surface

Design for Periodically Operated Discretely Controlled
Continuous Systems”, Hybrid Systems: Computation
and Control, LNCS, Springer-Verlag, vol. 4981, pp.
471-485.

[21] A. Schild, Jan Lunze, 2007, “Stabilization of

Limit cycles of Discretely Controlled Continuous
Systems by Controlling Switching Surfaces”, Hybrid
Systems: Computation and Control, Springer-Verlag, ,
vol. 4416, pp. 515-528.

[22] J. M. Gavez, M. Ordonez, F. Luchino, J. E.

Quaicoe, 2011, “Improvements in Boundary Control of
Boost Converters Using the Natural Switching
Surface”, IEEE Trans. On. Pow. Elec., Vol. 26, No. 11,
Nov, pp. 3367-3376.

[23] L. Greco, “Stability and Stabilization Issues in

Switched Systems”,  PHD thesis, Bioingegneria,
Robotica e Sistemi di Automazione Industriale - Ciclo
XVII, 2005.

[24] V. A. Yakubovich, 1997, “The S procedure in
non-linear control theory”, Vestnik Leningrad Univ.
Math, vol 4, pp 73-93 ( In Russian).

[25] S Boyd, L. El Ghaoui, E. Feron, and V.
Balakrishnan, Linear Matrix Inegqualitiesin System and
Control Theory, Philadelphia, The SIAM press, 1994.
[26] L. Rodrigues, "Dynamic Output Feedback
Controller Synthesis for Piecewise Affine Systems”,
PhD Thesis, Stanford university, June 2002.

[27] S. Boyd, L. El Ghaoui, E. Feron, and V.
Balakrishnan, Linear Matrix Inequalitiesin System and
Control Theory, Philadelphia, The SIAM press, 1994.
[28] R. Fletcher and S. Leyffer, 1998, “Numerical
Experience with lower bounds for MIQP branch and
bound”, SIAM Journal of Optimization vol. 8, no. 2,
pp. 604-616.

&y
[1] M. Senesky, G.Eirea, and T. John Koo, 2003,
“Hybrid modeling and control of power electronics”,
Hybrid Systems. Computations and Control, Lecture
Notes in Computer Science, Springer-Verlag: Berlin, in
the proceeding of 6th International Workshop, pp.
450-465.
[2] Panagiotis D. Christofides and Nael H. El-Farra,
Control of Nonlinear and Hybrid Process Systems
Designs for Uncertainty, Constraints and Time-Delays
(Lecture Notes in Control and Information Sciences
324), Springer-Verlag Berlin Heidelberg, 2005.
[3] M. Hejri and H. Mokhtari, 2009, “Global hybrid
modeling and control of a buck converter: A novel
concept”, International Journal of Circuit Theory and
Applications, vol. 37, pp 968-986.
[4] A. Rantzer and M. Johansson, April 2000 ,
“Piecewise linear quadratic optimal control ,” IEEE
Transaction on Automatic Control, vol. 45, no. 4, pp.
629-637.
[5] L. Rodrigues and J.P. How, 2003, “Observer-based
control of piecewise-affine systems”, International
Journal of Control, vol. 76, no. 5, pp. 459-477.
[6] S. LeBel and L. Rodrigues, Feb. 2009, “PWL and
PWA Heo controller synthesis for uncertain PWA slab
systems: LMI approach”, International Journal of
Control, vol. 88, no. 3, pp. 482-492.
[7] L. Rodrigues and S. Boyd, 2005, “Piecewise-affine
state feedback for piecewise-affine slab systems using
convex optimization”, Systems & Control Letters, vol.
54, no. 9, pp. 835-853.
[8] F. Tahami and B. Molaei, Feb. 2007, “Piecewise
affine system modeling and control of pwm
converters' Journal of Circuits, Systems and
Computers, vol. 16, no. 1, pp. 113-128.
[9] F. Tahami, S. Poshtkouhi, and H. Molla-Ahmadian,
May. 2011, “Piecewise affine control design for power
factor correction rectifiers’, Journal of Power
Electronic, val. 11, no. 3, pp. 327-334.

[10] H. MollaAhmadian and M. B. Naghibi, 2011,

“Optimal piecewise affine large signa modeling of
PFC rectifiers based on reinforcement learning”, Power
electronics and drives systems technology conference,
Tehran Uni,Tehran, Iran, pp. 512 - 517.

[11] Zhendong Sun, Shuzhi S.Ge, Switched Linear
Systems. Control and Design, Springer-Verlag
Publication, 2004.

[12] H. Lin, and P. J. Antsaklis,2009, ” Stability and
Stabilizability of Switched Linear Systems: A Survey
of Recent Results”, IEEE Transaction on Automatic
Control, vol. 54, no. 2, pp. 308-322.

[13] S. Pettersson and B. Lennartson, 2001,
“Stabilization of hybrid systems using a min-projection
strategy”, in Proceeding of = American Control
Conference, pp. 223-228.

[14] A. Bemporad and M. Morari, 1999, “Control of
systems integrating logic, dynamics, and constraints”,
Automatica, vol. 35, no. 3, pp. 407-427.

[15] A. Bempored, F. Borrelli, and M. Morari, 2002,
“Model predictive control based on linear
programming—The  explicit  solution”, IEEE

Journal of Control, Vol. 6, No. 1, Spring 2012

ANl o) oyl o8 o ¢S e


https://dor.isc.ac/dor/20.1001.1.20088345.1391.6.1.3.5
https://joc.kntu.ac.ir/article-1-65-fa.html
http://www.tcpdf.org

