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Abstract: Balanced realization has the advantage of producing some valuable information on
controllability and observability (C/O) of the plant. This specification was used in pairing of
MIMO plants to some SISO subplants. Using balanced realization, the pairs with better C/O are
selected. In this paper the problem of pairing based on balanced realization is interpreted as an
assignment problem. Therefore the Hungarian algorithm can utilize to solve the pairing
problem. The algorithm is fully systematic and may be utilize in online and adaptive pairing.
The pairing algorithm is also developed to reject any undesired pair like uncontrollable and/or
unobservable pairs. With some modification, it is also applied to nonsquare plants.

Keywords: nonlinear systems, extended transfer functions, Volterra series, Kronecker product.
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Abstract: Optical rotary encoders are generally known as rotational angle measuring devices
with high accuracy, resolution, and reliability. One of the important error sources of these
encoders is code pattern radial runout of its disk. Usually, for high accuracy measurements in
the range of +1 arc sec to +5 arc sec, the code pattern radial runout resulting from the bearing or
during installation must be significantly less than 1pum. These values must also be guaranteed
under loads e.g. from workpiece weight and process forces. In this paper an instrument is
proposed for installation of encoded disk that can measure radial runout of code pattern both
during installation and after temporary installation of encoded disk with high accuracy and fast.
The principle of code pattern radial runout measuring by this instrument is proven by
mathematics equations and also probability of error equation of this measuring method is
calculated. The performance characteristics of the proposed instrument are exploited by
analyzing of the results. A prototype of the proposed instrument was fabricated and tested.
Measured radial runout of a mounted disk by the fabricated instrument were compared whit
calculated radial runout resulting of error curve analyzing of the same mounted disk, when it is
used for measurement of rotational angles. Results show that the proposed instrument is capable
to measuring code pattern radial runout with high accuracy and reliability.

Keywords: Encoder Disk Mounting, Rotary Encoder Accuracy, Probability of Erorr, Runout,
Optical Rotary Encoder
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Abstract: The widespread application of teleoperation systems in the industry has obliged this
paper to improve system stability due delay over transmission line for these systems, through
presenting a suitable method which gives desired stability and functionality. For this purpose it
has opted two independent model reference adaptive controllers for slave and master sites. The
slave site controller designed based on the our last paper[10] but because the master site
includes time delay over transmission line, initially it has been tried with the help of
feedforward compensator, the system to be transformed into a system which is an almost
strictly positive real and proceeds with designing a command generator taracker, to achieve
desired operation and proper stability for the process involved.

Keywords: Teleoperation System, Time Delay, Command Generator Tracker, Feedforward

Compensator.
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Abstract: In this paper a new chattering alleviation algorithm for Sliding Mode Control (SMC)

of non-linear systems is presented. In the new method a mathematical function for regulating n
parameter is introduced. Due to the initial choice of this function’s parameters by designer, the
state vector of the system approaches toward sliding surface with any arbitrary speed, enters
smoothly the boundary layer surrounding the sliding surface, while the state vector doesn’t
include fast behaviors through the boundary layer. To show merits and capabilities of the
proposed algorithm on SMC performance characteristics, the Pitch autopilot of an Air to Air
missile is synthesized based on the new method and results are taken to comparison with
conventional design.

Keywords: Sliding Mode Control- Parametric Uncertainties- Chattering- Switching Gain
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Abstract: In this paper, a Model Predictive Control (MPC) strategy for
Switched Reluctance (SR) motor, which is a highly nonlinear process, is
presented. A Locally Linear Neuro-Fuzzy (LLNF) model is extracted for the
nonlinear process. A possible MPC on LLNF model demands for complicated
nonlinear functional optimization procedures. To circumvent these
time-consuming procedures, a linear model based on the LLNF model is
defined. Linear model is valid only temporally. An MPC strategy for this linear
model, asks for a simple optimization procedure with a closed form solution.
By adding an appropriate term to the MPC’s utility function, a natural
commutation is observed as an important by product of the MPC strategy.
Besides, or analysis shows that the amount of torque ripple is reduced. This
behavior is again a natural by product of applying MPC strategy to SR motor.

Keywords: switched reluctance motor, model predictive control, commutation, locally linear
neuro-fuzzy model.
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Abstract: In this paper an airborne fire control system (FCS) is described.All sources of error
in three important FCS subsystems are determined. Two main approaches that exist for error
analysis are analytical methods and stochastic simulation methods. Since the first approach
needs a mathematical model for error analysis purposes, in this paper a stochastic simulation
based on random input variables (Monte-Carlo method) is used for analysis of a fire control
system. The main objective of this paper is to obtain the Hit Probability function which is
dependent on FCS input variables accuracy. At first, input variables error in a FCS are
determined, simulated and analyzed based on Monte Carlo simulation method. The input
variables errors in missile fire control director (MFCD) affect the two important output
variables of MFCD which must be set directly in the missile before launching process.
Therefore the two perturbed output variables can be degrade the Hit Probability (HP)
significantly. The proposed FCS error analysis consist two important steps. In the first step the
effects of three subsystem errors are analyzed on MFCD outputs, and in the second step the

J R dlomo

' - Fire Control System (FCS)

% _ Airborne Fire Control System (AFCS)
® _Multi-Input Multi-Output (MIMO)
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effects of the MFCD outputs are analyzed on the HP function. In the end these two steps are
combined together to obtain the important factor of each input variables on the HP function.
Determination and ranking the percentage of important factors for each FCS inputs as a result
of FCS error analysis are expected to be a powerful tool for assisting the military sensor
designers. The best combination of the sensors and the minimum requirement accuracy of the
sensors are also accessible to have a pre-specified hit probability function.

Keywords: Missile Error Analysis, Fire Control System, Hit Probability, Radar Errors, Monte-

Carlo Method.
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An Algorithm for Systematic pairing of Square and Nonsquare MIMO
Plants Using Balanced Realization Interaction Measure
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'Electrical and Electronics Eng. Dept., K.N. Toosi University of Technology, Tehran, Iran,
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Abstract: Balanced realization has the advantage of producing some valuable information on control-
lability and observability (C/O) of the plant. This specification was used in pairing of MIMO plants to
some SISO subplants. Using balanced realization, the pairs with better C/O are selected. In this paper
the problem of pairing based on balanced realization is interpreted as an assignment problem. There-
fore the Hungarian algorithm can utilize to solve the pairing problem. The algorithm is fully systemat-
ic and may be utilize in online and adaptive pairing. The pairing algorithm is also developed to reject
any undesired pair like uncontrollable and/or unobservable pairs. With some modification, it is also

applied to nonsquare plants.

Keywords: Multivariable control systems; Decentralized control; Input-output pairing; Balanced reali-

zation; Operations research; Hungarian Algorithm.

1. Introduction

Decentralized control of MIMO plants by some SISO
controllers is the first choice in controlling these types of
plants. However selection of the best input for each output,
called pairing, is rather difficult. There are many pairing
methods proposed by researchers [8]. Relative gain array
(RGA) [1] and its derivations like RIA [7] used the inte-
raction effect. Another class of pairings is based on cross
gramian matrix [3], [6], which emphasizes better balanced
realization of each pair. In this method those pairs with
better joint controllability and observability (C/O) has
priority to other pairs. In above pairing methods, a kind of
matrix is obtained based on some criteria of the pairing
quality and then the pairs are selected to optimize some
measure in that matrix, subject to some conditions. Be-
cause of large number of possible pairs and the existence
of selection and validation rules, the pairing problem is
solved using some human decision [8]. [3] and [6] used
cross-gramian matrix of pairs for pairing. In both of them
the best pairs selected one after another. The algorithm in-
troduces good pairs for the early pairs but later pairs might
be rather poor. Therefore, after the pairs are selected, one

Journal of Control, 2007, © Iranian Society of Instrument & Control Engineers

must decide on some alternative pairing with better per-
formance for poor pairs.

Fatehi [5] proposed an overall pairing measure and in-
terpret the pairing problem as an assignment problem. Us-
ing this method, the selected pairs are the best overall pair-
ing. The pairing problem can be solved by a systematic
procedure called Hungarian algorithm when it is defined
as an assignment problem. Therefore, the pairing problem
can solve without any need of human decision.

Another important advantage of this algorithm is that
undesired pairs can be automatically rejected. Selection of
pairs one after another (starting from the best pair) may
ends to some undesired pairs. But by the overall measure
and the systematic procedure explained in this paper, the
undesired pairs are marked from the begining and they are
never selected in the optimal pairing. By some simple
modification the algorithm can be applied to nonsquare
plants, which is also introduced in this article.

The paper is organized as follows. In the next section,
balanced realization pairing method is reviewed and the
overall pairing measure is introduced. The assignment
problem and the Hungarian algorithm for solving it, are
briefly presented in section 3. The pairing problem is in-

terpreted as assignment problem in section 4. Section 5 are

on obtaining best pairing when some of the pairs are unde-
sired. In Section 6, the algorithm is modified for non-

square plants. Illustrative examples are given to show the

Hitp://www.iransice.org
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effectiveness of the proposed method. The results are con-
cluded in the last section.

2. Balanced Realization Pairing

For a system with a state space representation
(4,B,C,0), there are controllability and observability gra-
mian matrix P and Q which are defined by[2]:

AP+PA™BB™=0 (1)
ATO+04+CTC=0 )

The matrix W,, with definition WwZ:PQ is known as cross
gramian matrix which is independent of the system reali-
zation. This matrix is a quantitative measure of controlla-
bility and observability of the system. As the eigenvalues
of W, (which are HSV of the plant) increases, the control-
lability and observability of the system will increase. This
increase may be computed by the multiplication eigenva-
lues of W, (equal to det(W,,)), sum of them (equal to
trace(W,,)) or largest of them (equal to square of the Han-
kel norm of W,). For a multivariable nxm system
§:(4,B,C,0) with subsystems S;:(4;,b,C;,0) let’s call Py
and Oy the controllability and observability gramian ma-
trices of the subsystem §; Then the matrix
(Weo);=(PyQ;)" is a measure of controllability and obser-
vability of this subsystem.

Khaki-Sedigh and Shahmansourian [6] used the deter-
minant of the matrix (W,,); and suggested the following
algorithm for pairing of a MIMO system to some SISO
subsystems:

i)  Find the participation matrix ®={¢p;} where
@i =det((Weo)i) 3)
ii) Choose the largest element of @, say Ppr - Pair input

j* to output i
iif) Tgnore the row i" and the column ;" and continue from
the step (i) until the pairing is completed.

Conley and Salgado [3] proposed the same algorithm
but used the trace of W,, instead of determinant. The algo-
rithm selects some better pairs for the early ones but the
later pairs could be poor. Therefore after pairing is com-
pleted, one must recheck the pairs. If some of the pairs are
poor in controllability and/or observability, one replaces it
and some of the pairs with some other pairs to achieve
minimum performance in all of the pairs. To solve this
problem, the following overall pairing measure has been
introduced [3]:

v, =max(yy), “
where
Ve = Zp,/epk Dij (%)

and p; stands for the pair u;-y;. Using this measure the
overall pairing set is the best one although the best pair
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may not be selected. The most important benefit of using
(4) is that the pairing problem can be interpreted as an as-
signment problem [5] which is solved by Hungarian algo-
rithm through a systematic procedure.

Remarks: In [3], [5] and [6] @ is defined as it is appear
in balanced realization that is @, stands for pair u-y;. But
in this article ¢, stands for pair y-u;. This is because: 1)
This notation coincides element-by-element with the trans-
fer function matrix G. 2) We do not use the MIMO plant
cross-gramian matrix. Instead we use the cross-gramian
matrix of each pair. 3) It is the same as notation used in
RGA which is used widely for pairing.

3. Hungarian Algorithm in Assignment

Hungarian Algorithm is a systematic method to solve
assignment problems. The algorithm is well explained in
[4] and we just review its main idea.

In assignment problem, the objective is to assign n ob-
jects x;eX to n other objects y;e Y with minimum cost. The
cost of assigning x; to y; is ¢;€C. Therefore, the problem is
selection of n elements of C such that 1) there is one and
only one selection in each row/column (complete assign-
ment), 2) sum of the selected elements is the minimum. It
is proved that adding a constant value to a row or column
does not affect the optimal assignment. The idea of solving
the assignment problem is to add some values to the
rows/columns so that some zeroes appeared in the matrix
but none of the elements are negative. In this case if a
complete assignment consists of only the zero elements, it
will be the optimal assignment. The Hungarian algorithm
systematically produces zeroes and finds a complete as-
signment among them. To illustrate this procedure an ex-
ample is solved in Appendix.

4. Optimal pairing

We want to find # optimal pairs P* in the system S that
maximizes the function (5). The following algorithm can
find P*:

Algorithm 1. Step 1) Define o as

o =max g, (6)

Step 2) Compute the assignment matrix @ as
0={0,10,=a-g¢,}. ™
It is obvious that all of the elements of @ are nonnega-

tive. Maximizing the function y is equivalent to minimiz-
ing the function

e, = 2,,,/ <P, o, (®)

Step 3) Problem (8) is a classical assignment problem
known in the theory of operations research. Solve this
problem by Hungarian algorithm.
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Using the overall pairing measure (5) and Algorithm 1
the pairing problem is solved without any need to human
decision.

Example 1. Consider example 1 of [6]:

1 1 —419 -25.96
G(s)=———619 1  -2596 )
1+59)° | | 1

Using balance realization, the participation matrix @ is:

0.0081 3.4964 3678.7
@=|11.8915 0.0081 3687.7 (10)
0.0081 0.0081 0.0081
The method of [6] proposes two possible pairings
P=(p.3, 21, p32) with ¥1=3690.6, (11)
Pzz(pﬂ, P;g,py) with l//2:36812 (12)

Using the above optimal pairing method, the assign-
ment matrix @ 1is obtained as:
3678.7 3676.2 0
O =|3666.8 3678.7 0
3678.7 3678.7 3678.7

(13)

Applying the Hungarian algorithm to the above matrix ob-
tains the new matrix

*

@ =10°x

[0.15
0.26
0.41
0.92
0.08

10.63

0.26
0.41
0.26
1.30
0.92
0.41

0.41
0.15
1.30
0.26
0.26
0.26

0.63
091
1.30
0.15
0.92
0.26

0.15
0.08
0.92
0.41
0.26
0.41

0.41]
0.15
0.63
0.63
0.26
1.30 |

(17)

Using the method of [6], there are three possible pairings

Pi=(p11, P24 P33» P42 D55 Pos) With y1=5.29x10°,  (18)
Py=(p;s, P21, P33, P42, P54> Pos) With y5=5.29x1 03, (19)
Ps=(p13, P21, D3 a2 Pss» Pos) With y5=4.81x10°.  (20)

But, using the above optimal pairing method, the matrix @

182

O=10°x

[1.15
1.04
0.89
0.38
1.22

10.67

1.04
0.89
1.04
0
0.38
0.89

0.89
1.15
0
1.04
1.04
1.04

0.67
0.38
0
1.15
0.38
1.04

1.15
1.22
0.38
0.89
1.04
0.89

0.89]

1.15

0.67

0.67

1.04
0

@n

Applying the Hungarian algorithm to the above matrix,
introduces final matrix

0, =10°x

094
0.28
0.60

o
0.45
10.29

0.37

0.51

1.13
0

0
0.89

0.12
0.67
o
0.95
0.57
0.95

and offers the optimal pairing

P'= (D15, P2ss P33> Dt P32 Pos) With /' =5.4824x10°, (23)

0
o
0.09
1.15
0
1.04

0.36

0.41
0.18
0.41

0.21]
0.77
0.77
0.67
0.66
o

(22)

11.9 9.4 0
e,=| 0 11.9 0 (14)
0 0" 3666.8
which offers the optimal pairing (stared zeros)
P*=(p;3,21,p32) With y=3690.6. (15)
Example 2. Consider the plant
7 10 7 9]
8 11 6 7
G(s) 12 12 11 10 (16)
s)=
2 11 12 8 7 9 10
s +s+1
6 11 8 11 8
10 9 8 9 12

Based on the balance realization matrices, the matrix @

is (the elements are rounded):
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which has a better overall pairing according to the measure

4).
5. Controllable and Observable Pairing

Controllability and observability of the pairs is impor-
tant in decentralized control of MIMO plants by SISO
controllers. None of the above techniques can guaranty
obtaining controllable and observable pairs. Using the bal-
ance realization matrix, a pair S; is uncontrollable and/or
unobservable if ¢ is zero. In [3] and [6], ¢ of the last as-
signed pairs might be zero. To avoid it, the designer shall
change some of the pairs by trial and error, so that, none of
the ¢;’s are zero and the pairing performance is still ac-
ceptable.
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Using the above optimal pairing it is possible to avoid
uncontrollable and/or unobservable pairs automatically.
For this purpose, let’s consider the following lemma [5].

Lemma 1. Suppose matrix @ with definition (7) in
which some of the elements are undesirable. Also suppose
that there is at least one complete pairing P which does not
include these undesired elements. If matrix @" is derived
from @by adding a value

EDYED W 24

to undesired elements of @, any pairing which consists of
these pairs is not optimal in @".

Proof: For any pairing set P

Wp <220 S P (25)
On the other hand
v =na— g (26)

where o is defined in (6). Therefore
na-y,<B=y,zna-p 27)

Suppose that p, is an undesired pair. If p,eP,, where P,
is a complete pairing, then adding Sto ¢, changes y, to

;(},j:;(,,”+ﬂ:>;(,";2na (28)

On the other hand, for any pairing P, which does not in-
clude p,:

ZZ :ZP Sngmax (29)
where
gmax =a- ¢min (30)

Since ¢,,;,,>0, then G,,.x<a, that is

Xp =XpSna (€2
Therefore
Xp 2 Xp (32)

It means P, is not optimal. Therefore the pair p, can not
include into the optimal pairing set.m

Using Lemma 1, Algorithm 1 can be modified as follow
to avoid selection of any uncontrollable and/or unobserva-
ble pairs.

Algorithm 2. Step 1& 2) Same as step 1 & 2 of Algo-
rithm 1.

Step 3) Choose f from equation (24).
Step 4) Add fto any 6; where ¢,~=0.

Step 5) Apply the Hungarian algorithm as step 3 of A4/-
gorithm 1.
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The above method can be used to avoid selection of any
other pairs which is not to be selected in the pairing, due to
any other reasons.

Example 3. Consider the plant of example 2 in [6]:

(s+1) s (s+2)
G(s) = m -1 (s+3) (33)
0 0 (s+4)

The matrix @ is

0.125 7.716x107* 0.25
@ = 0 1.929x10*  7.716x107* (34)
0 0 0.0069

and therefore the assignment matrix @ is

[0.1250 0.2492 0
©=10.2500 0.2498 0.2492 (35)
10.2500 0.2500 0.2431

To avoid selection of p,;, p3;, p32, S must be

Bz ii% =0.38364 (36)

i=1 j=1

This fBis added to the mentioned pairs of @. Therefore, the
modified @ matrix (@"), will be:
0.1250 0.2492 0
O" =|0.6336 0.2498 0.2492 37
0.6336 0.6336 0.2431

Using the Hungarian method:

*

0 0 0
©,=105081 0" 0.2486 (38)
0.2655 0.1413 0"

which offers the optimal controllable and observable pair-
ing

P'=(p;1, p22, p3s) with y=0.1321. (39)
Example 4. Consider the following plant:

(7 8 9 10 7 9]
8 9 7 11 6 7
9 8 0 12 11 10
G(s)= (40)
Zasel|1l 12 8 7 9 10
0 11 8 11 0 8
10 9 8 8 9 12|

The participation matrix is
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[0.15 026 0.41 0.63 0.15 0.41]
026 041 0.15 0.92 0.08 0.15
041 026 0 130 092 0.63
092 130 026 0.15 041 0.63
0 092 026 092 0 026
10.63 041 026 026 041 1.30]

@ =10°x (41)

which shows that the pairs ps;, ps; & pss are uncontrollable
and/or unobservable, as obvious from the plant transfer
function (40). Using the method of [6] the optimal pairs
are Pl:(p]3,1721;p34sp425p55,p66) which is uncontrollable
and/or unobservable. To avoid this situation, one way is to
change the 1st and Sth pairs and consider the pairing

Py= (P15, P21> P34> P42, P53 Pos) With y»=4.5501x 10°. (42)

Using the Algorithm 2, the assignment matrix is:

[1.15 1.04 0.89 0.67 1.15 0.89]
1.04 0.89 1.15 038 1.22 1.15
0.89 1.04 130 0 038 0.67

=10’ x (43)
038 0 1.04 1.15 0.89 0.67
1.30 038 1.04 038 1.30 1.04
10.67 0.89 1.04 1.04 089 0

To avoid selection of the above mentioned pairs, £ must
be

6 6
B2 Y ¢, =16.71x10° (44)

i=1 j=1
Therefore the modified assignment matrix @" is:

[1.15 1.04 089 067 1.15 0.89]
1.04 089 1.15 038 122 1.5
089 1.04 1801 0 038 0.67
038 0 1.04 115 089 0.67
18.01 038 1.04 038 18.01 1.04
1067 0.89 104 1.04 089 0 |

(45)

O" =10° x

Appling the Hungarian algorithm, the following final ma-
trix is obtained:

*

(054 081 0 055 0.64 0.89

017 040 0 0 0.45 0.89
040 093 1724 0 0" 0.79
0’ 0 038 125 061 090
1725 0 0 011 1735 0.89
| 006 0.66 0.15 092 038 0

(46)

0, =10°x

which offers the optimal pairing

P=(py3, P24, P35, Pa1s Ps2» Pss) With 1/ =5.3665x10°. (47)
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The condition (24) for S is a sufficient condition and
quit conservative. For example even applying the Hunga-
rian algorithm to the matrix @, i.e. for /=0, the same pair-
ing is obtained, but the condition (24) guaranties avoid-
ance of the selection of any undesired pairs.

6. Pairing of Nonsquare plants

Balanced realization pairing can be applied to non-
square systems by some minor modification. Suppose the
following nonsquare plant:

7 8 9 10 7 9
G\ |8 0 7 116 7 48)
S)=
2as+l| 9 8 0 12 11 10
1112 8 7 9 10

The participation matrix of G using (3) is:

0.15 026 041 0.63 0.15 041

, 1026 041 0.15 092 0.08 0.15
@ =10°x (49)
041 026 0 130 0.92 0.63

092 130 026 0.15 041 0.63

A complete pairing for this plant consists of 4 nonzero
elements which are in different rows and columns. It is
obvious that there is not any selected pair in two columns.
For the plant (48) it means 2 of the inputs are not used in
control system when a decentralized controller is consi-
dered.

Obtaining the optimal 4 pairs from the Hungarian algo-
rithm needs some modification in the participation matrix.
The following lemma helps on computing the optimal
pairing in nonsquare plants.

Lemma 2. Consider the mxn nonsquare participation
matrix @ for a plant with » input and m output where m<n
(n<m). If I=n-m rows (/=m-n columns) with equal value y
are added to @ to make the modified participation matrix
@", the optimal pairing of @ is a subspace of optimal pair-
ing of @".

Proofi We proof the lemma for m<n. The case n<m is
the same. Consider P" a complete pairing of @". Suppose
Dijy€P" , ij=l,...,n are n selected pairs. Using overall
measure (5):

y" = z(/’i,j(i) = Zwi,j(i) = Zwi.j(i) +_ Zq)i._i(i)

pP" i=l,...,n i=l,...,m i=m+l,...,n (50)

= 12@1’,,/(1‘) +ly=y+ly

lyis a constant. Therefore, maximizing " is equal to max-
imizing . The elements of the / added rows are equal, i.e.
selection of each of them does not affect the overall meas-
ure (5). Therefore, by omitting the / elements of rows m+1
to n from the optimal pairing P"” of @", the optimal pair-
ing P* of @ is obtained.m
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By Lemma 2, the modified participation matrix for plant
(48) is:
[0.15 026 041 063 0.15 0.41]
0.26 041 0.15 092 0.08 0.15
" , 1041 026 0 130 092 0.63
Q" =10"x (51)
092 1.30 0.26 0.15 041 0.63
0 0 0 0 0 0

0 0 0 0 0 0

The optimal pairing selection is obtained by computing
the modified assignment matrix because of undesired pair
P33. The final Hungarian matrix is obtained as:

*

(026 054 0 044 054 0
0 023 011 0 045 0.1
023 077 1176 0 0 0.0l
0 0 066 142 078 029
0 038 0 066 028 0
0 038 0 066 028 0 |
(52)

0, =10 x

which offers the optimal pairing:

P ={pis.paupss.PapsePe} With ¢"=3.55x10°.  (53)
Therefore, the optimal pairing for the plant (48) is:

P'={pispaapsspi} with y/=3.55x10". (54)
The matrix @), also offers another optimal pairing:
P"={pr6pauprs.par} With y'=3.55x10°. (55)

In fact, using the Hungarian algorithm alternative op-
timal pairings can also be obtained by a simple procedure
explained in Appendix.

7. Conclusion

Balanced realization pairing algorithm is modified by
introducing an overall pairing measure. Using this measure
the pairing problem can be interpreted as an assignment
problem which can be solved by Hungarian algorithm. By
some modification nonsquare pairing is also possible
which is discussed in this paper.

The Hungarian algorithm for assignment problem is a
systematic solution. Therefore, the above method finds the
optimal selection automatically and it can be used in adap-
tive pairing. For this purpose, as the parameters of the
plant change, the participation matrix is computed and the
optimal pairing is obtained online by using it and the algo-
rithm developed in this paper.
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Appendix A. Hungarian Algorithm

The Hungarian algorithm is well explained in [4].
Therefore in this appendix the main point of the algorithm
is explained through an example.

Consider the assignment matrix

2 3 4

N W W

1 1
4 5
25

Adding a constant value p to all of the elements of row i of
6, changes the sum of the elements for all of the complete
pairings by p. Therefore the optimality is not affected. It is
the same for columns. Using this fact, the steps of Hunga-
rian algorithm are as follow:

Step 1) The smallest value of each column of @, is sub-
tracted from all of the elements of that column:

2 3

S = W O

0
3
1

b~ O

Then, the smallest value of each row of @, is subtracted
from all of the elements of that row:

0 0

0, =

[l \S IR )
A LW O W

5
5
5

S O W

This ends to the matrix ¢» with at least one zero in each
row and column.

Step 2) If an assignment can be obtained by selecting
just zero elements of @ it is optimal for @, and therefore
for the original matrix @),. For this purpose, the first 0
element of each row is selected as assigned 0 provided that
there is not an assigned 0 in its column. If there is an as-
signed zero in that column the next 0 of that row is se-
lected. The assigned O for the matrix @, are stared as fol-
low:

*

0, =

Whn L n O
S o W o
=N o N
A LW O W

The 0 in row 4 can not be selected and since there is not
any other 0 in that row the assignment is not complete.
Step 3) Assignment is not complete and the procedure

should be continued for finding more assigned zero. The
first step is to check for possible interchanging of some
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assigned and unassigned zeros to obtain complete assign-
ment. The zeros in the columns that there is not any 0" are
called eligible. In a complete optimal assignment for &, at
least one of them must be selected; provided that there is a
complete assignment using only zeros. 0(2,4) is the only
eligible 0. A path from this 0 is considered as follow:

1) From unassigned zero to the assigned zero of its row,

2) From assigned zero to an unassigned zero of its col-
umn.

This procedure continues while it is possible to contin-
ue through zeros. For 0(2,4) the path is:

0(2,4)—0"(2,3)

The path stops. 0°(2,3) and row 2 are called essential. If
the path stops in a 0" it means there is not possible to in-
crease assigned zero by interchanging the assigned and
unassigned zeros, as mentioned above. But if the path
stops in an unassigned zero it means the number of 0 in the
path is one more than the number of 0°. Therefore inter-
changing the assigned and unassigned zeros increases the
number of assigned zero by one (this happens in step 7 be-
low).

Step 4) Consider a line on rows of any essential 0" and
columns of any nonessential 0 :

2 3

o, = )
: 2 3
1 4

It is proven that these lines are the minimum number of
lines which can cover all the zeros (in optimal assignment
they are 4, the maximum needed lines). Also, none of the
assigned zeros are in the intersection of lines.

Step 5) Consider the value of the smallest uncovered
element, i.e. element (4,3). Subtract it from all uncovered
columns and add it to all covered rows:

001 2

6 4 00
O, =

501 2

4 0 0 3

This adds a new zero to the matrix and at the same time
keeps all the previous 0°. Also none of the elements are
negative. An optimal assignment of @ is the same as op-
timal assignment of @, as explained before.

Step 6) As step 2, the assigned zeros are:

*

A~ 0 o O
S o A~ O
o = o =
W N O N
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Step 7) As defined in step 3, 0(2,4) is again eligible.
The path from this 0 is:

0(2,4)—0°(2,3) 50(4,3)

The path stops in an unassigned zero. The total number of
assigned zeros is increased by interchanging its assigned
and unassigned zeros:

*

0 1 2
6 0 0
o, =
5 1 2
4 0 3

S o+ O

This is a complete assignment. Therefore the optimal as-
signment is

P'={(L1), (24), (3,2), (4.3)}

Sum of the above elements in @, is 7 which is the mini-
mum possible value among all of the complete assign-
ment.

Appendix B. Other optimal pairings

In some cases there is more than one optimal pairing,
i.e. there are other complete pairings using the zero ele-
ments of @,. If in the final matrix @), it is possible to re-
place some of the assigned zeros with unassigned zeros
such that the obtained assignment is still complete, it will
be optimal too. To find other optimal assignment, if there
is any, all unassigned zeros are called eligible zero and
must be checked. We start from one of the eligible zeros.

Step 1) Consider an unassigned zero 0,,,.

Step 2) Go to the assigned zero 0;_ of its row.

*

Step 3) From 0, ,
column r (the column of the assigned zero).

go to an unassigned zero 0, on the

Step 4) Continue from Step (2) until either it returns to
the original eligible zero 0,, or there is not any unassigned
zero for Step (3) (There is always an assigned zero for
Step (2) since the original assignment is complete).

Step 5) If the path returns to 0,, then by interchanging
all assigned and unassigned zero in the path a new optimal
pairing is obtained. Otherwise there is not any optimal as-
signment consisting 0,,,.

Step 6) Continue from Step (1) for other eligible zeros.

Remark: If there is more than one unassigned zero on
Step (3) the path for all of them shall be checked.

As an example, consider the following matrix:

00 6 1 6
300 50
1 5 0 0
9 0 7 0
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with an optimal pairing {0;1,0,5,033,044}. There are 3 other
zeros which are eligible zeros. Starting from 0,4, the path
is

* *
0240 2040 44—>044

So the pairing {011,0,4,033,04,} is also optimal. But starting
from 034 the path is

X
0340 33

Therefore 034 does not include to any optimal path. For
eligible zero 0,4 there are two paths:

Path 1) 024—)0*44—)034—)0*33,
Path 2) 034—)0*44—)042—)0*22—)024.

Path (1) stops in Step (3) of the above algorithm and the
path (2) introduces the same optimal pairing as above.
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